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amM24“a 0 ,Lc 03 v?-é+,X Bu20. v?—é+ 1=X4&a ),B5 Ja’'El
$d b2143 Y/T,XM24“ 0 ALc GzJ KEX,IfOo*i. + b>A X1 0zaBna,
«Lc D |,XM24“ (2i4® ), Xas.BnQ2i43p' 4a,Xa evYCw,XLc |[o:> O
E ZAG"Y,X&01&! 53] , « >AD|X2i43|o:> iE YCw: ibp«D2i43a
« D243, O+M6, U>A U X'!aB, ZA17% 6YasU> al!suU UyE¥ (qV)[A
V)[1A +«a 1), °OeM6, 15U Bni,X, J|]o:> + iYS5E OBn,5a >A
07TD7E a5UKS 6,XLc |o:> “<&aiE kG"wl 018, a#As)UzJa 30
1 G,X/+ TKANI-20J4-TZ O p\Q,X21(. aaDn _ (law of large numbers) ° — UL$ n
YU (central limit theorem) & &, E-g5U 3% G — O V)[ _EZJUL$> , 30#AUAZ (large de-
viation theory) ~ (Freidlin & Wentzell 2012) iA© O A/ 3M24“ aLc 2143 O A,X 4 V)[ _ E4£
KSEKE$eéAa aV)_E~ X )U.E- ~ «,D2i4%> [p«D2i43> Xa#A
UYL$,XEKEY aV)_E. a#A),B5{*6,Xs ub, VI)UAZ , AcOp?3 'Lc D
[, UX J4%Aud , G: D| \axXV)\d, D| \gXV)[\a& eD|X
\& (L é 2018).
D:b, 2k+9 AE, 0 #A)UAZ$dbOp _r: Of+ r—-DéexXV)[# zibA# _EX
)o— D,XUD=@). JUAZCK$d AENS$f & 0,X2'1k U i £L=> IN¢L= Au-€0J T
Cram pr (1944) ,X G b(A0OYLc -G£ 08 ,X 0 # A48 p. Sanov (1957) | B Z(A0Y a U xLc
-G£,X4£P" U x. Lc &, Donsker " Varadhan (1975a, 1975b, 1976, 1983), Glrtner (1977) UJ|S
7C 08 , X Markov JO " Markov E>/B. 5a | 0243« Lc D| {*6,X CAXQO#AX48p
O A+ Varadhan (1967) AVentsel " Freidlin (1970) AFreidiin ~ Wentzell (2012) 4-1. PEA-&0J
TbO/iS Crampr -6, GEIE>EY 2-5x# z, SJib 5x3X_ EKY0XV)[# z,
"aib 5x3,X V) £10Y G b -5x# z, X Radon-Nikodym B D, JE > (Freidlin &
Wentzell 2012; Wentzell 2012; Varadhan 1984, 2016; Deuschel & Stroock 2001; Dembo & Zeitouni
1998; Feng & Kurtz 2006). 20 é4~90 H -, Puhalskii, O Brien ~ Vervaat, Acostal ETE>20 b3
T bProhorov20 A« a0 £V)[# z [/ ,X"©, UOd#A)UAZ|S7C CA X°E24A ¢
KY C UL$,XLc E>/R20 (Varadhan 1984, 2016; Deuschel & Stroock 2001; Dembo & Zeitouni
1998; Feng & Kurtz 2006).
ULc | o243 , >AAAD X0O#A),B51D7E2i43E°/+G>50,X4 |o:> , G¢
0 O, X é3 X/+1),B5. /+1),B5 >AAA D XM24"“02i43,X< |0:> , M24“dLc
2143 (MY,X4a ),B5! ii Lc D|RB, GSOp4ag X0 n,X| 02043 J«D axE<4"A
ap D2I43E<4" KE{*6 G#AJ'18 «348X0 nG ! Op G S % YH#HAE¥0 n G>5&+,X |
02143, iIM2 XLc D|RB, JKS60*i,X3/A hASJ E<4“KY¢ é3 V)[1
XleTW[@AL E'T)Y+ ,X 3 ( G¥D1 2020, i "1 1996). D:u a b, j6
B n0]02i43KS 6> ,XM2$ 95&+L3 A G>5&+ " UL$)f, X0 nG A< 48§ X1 VE £ 4aE0
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*(l bLc 2743, ~ 18 E,IONKE48 X A6N /£M6,A <M2. 5ai2i43Lc |o:> 3V )#A 12
3# A ¥*0,X43Au(M U "1 KANI,X v26 “7%' a 0 # A)UAZ-e0J & U (Freidlin &
Wentzell 2012, G¥ D1 2020, " @ 2021).

U/« TKANI , Oi/+ ICA X (optimal exit path) &/A O 0 A6N/e TCA X (most probable exit
path, MPEP) A G Oj &/« 1 EKE (mean first passage time, MFPT) “/«115B U x (exit loca-
tion distribution, ELD)  + 214334 /e1" 3)E/e1 3¢ %/e 17 ,X Y pGj?U,X(M UGE,
I WAXAulk " UdO,E Lc |0:NZ3X —KANI. Freidlin ~Wentzell (2012) 10Y,X O #
AUAZ ¢ D: P E- pKANI,X?-1(m 0 Z)UAZT., J —fACub, n ZO*iGE" N (ac-
tion functional) , X VE, B 1ZE<F'Fe3a1uF X V)[XUD Auda, ¢5aU/0Y _E,XV)Au
1kKANIE@ & ""N,X -~ UKANI. Th4£ L0 :,X48p, |DZOi/eTCAX$uCt,Xeiee
& 1 /R (Euler-Lagrange equation), ETE>n 0*UGE"™ N O & 3“ (quasi-potential), a E
A*aZG [+TEKE /+T115BU xa3“ X UDG2I.

I b Markov E>/R, MFPT 0 E (stopping time) (Freidlin & Wentzell 2012, Bernt 2010) ,X

. WOUAIT:/¥NZ3 FNY JrL X h*U E , V|02i43 >5GE£ é$ KE,X,110 nd

(K dosek-Dygas et al. 1988) A/24£ 7% ¥ 0 + ),B5,X A AKE 6 (interspike interval) ( G¥ D
2018, Ryashko 2018) A 1/RNZ 3 48 X,X AM4 00U d (Chen & Zhu 2009, 2010) A*6(=: 1°,X
E@ ) a51A¥ (Bressloff 2017) 1. J\ | MFPT ,X-e0J+ 9 & , O % AtEN$f 20 é4~40 H -,
Kramers (1940) -€0J Z & U «/B (Langevin equations) ,X/e IKANI, ¥),MFPT a>A z,X
UDqC*G2l. J\i3A/A ;e §NS2143, /Y1 (1992, 2017) y*iLc G "©-80J ZOj 60SC»
EKE "Oj 80SC” ,XKANI, J8 + 2143 X AM4 0. 18¢é, 62630 O/iY X< |o
> Ude"©, 3 AulKMFPT,XY D 'K (do61 2013). °é, AE 7-20J5U ¥),, '
MFPT a2i43Y/T,Xé&é i,X EKE z G!E, 214371{*620 bE ,X> , VLc E 7%
AAPBLc E 1),B5, U ,2143° :1 NZ3FN YGj?U,X h*ii (Kang et al. 2017, Zhang et al.
2021, )_&p 2020, Np «2021).

ib«P-f,Q>AD]|XM24“ (2i43, MFPT «/B $uCE V R Pontryagin «/B ((
y LEEe KANI) (Bernt 2010, Duan 2015)

J *6 & ( G Fokker-Planck 1k $,X Lclk $), YT 3 y*i O |"© (M U4"
"©, Matkowsky " Schuss1 (1982, 1983, ) ZNaeh1 (1990)?- dE¥ Aulk Z i(M UEe+ (charac-
teristic boundary) “M2(M UEe<+ (non-characteristic boundary) 5 E B, X MFPT#4E ) O 4. |
bvan der Pol =6 A O |'"©'Lc G "©, ()i 1 ~ (2014) Aulk Z 020 U!%04" 012143
, X MFPT, ¥),UG6E++ TE6 4)UAZ A D 48p,X#A. &, Kong Liu (2017) y*i S 062
0@ "OE> < |0:Ud!7248 ULc G "OL!4E, -€0J Z « P- f,Q > A D |,X U!%04"
02143, X > AAA B, X#E"),B5, ¥),MFPT A10 3>AAADP#E" " X U/ <.
[+115B U x + Z2[43CY%C/ Ee+ E (Ee+ b ,X/e1& XU x ™ %, a O pGj?U,X(=
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JUGE. 11aXE24AND , ND ( [+ 115B U x) $uCt
/R

U P-f>A5ER, Matkowsky *Schuss1 (1982, 1983, ) ZNaeh1l (1990) y*u O
|"© | B Z/+T115B U x,X?- dE¥ ><E’&. J\iP- f,Q > A D |, X FitzHugh +Nagumo 2143,
Chen1l (2017) ¥), 6 3E<F'/+115B &Ee+ 3“0 "&,X # A, GMa&- 2FS),B 5 (saddle point
avoidance), Bub9$db YL$>A zXE . ib°OpA%’2i43 Li1 (2020b) a A/ Z
Ma&e 2FS),B5, Jy*UWKBE¥ |Aulk Z/+115B U x, ¥), OL A!76N 6 0U>9E- p # A.
+ be/R (2) ,X"?2-EW AL’, AE 1-0J5UA’Au Z O21 éAulk/*T15B U x XD +"©. _V, S
620 @«"©0 UdM24*02i43< |0:48 X,XY 'K, a 6N 6*ii 9Aulk/+1!5B U
x (Han et al. 2016). Zhul (2018) 4b U Z!7 AETIGE£G> (forward flux sampling) (Allen et al.
2005) " ¢E 6 Monte Carlo 6 3 +"©,X 1&+, alZ V)[$& é1k"© (probability evolution method),
6N S*1 8 3«"© ¢E6 k /+115B U x.
Oi/+TCA X, XAulk O a3 OL XKANI, W% i +/«T¥6,XY U U, KY4§X 0
XLz, 0#A)UAZX —KANIL. TbO*iGE" N, X~ U, Oi/+ICAXSuUCt Gieie &1
/R &1h,Xae $NS2143. 18 E, e 3NS,IONKE,Iibs.Bn(,IONKE =)0 4. 815x<% K YO n
4 |&+,X "4E2143, i.Bn 0,JONKEO & |& X 4EQ0 n# 6 9 “4E §) ce 3NS,IONKE
.+ b>AXt9, 4|& 1T1gpa0d ne8&, 64Z 4EA40 n# 6, G+ E1# 6
(Lagrangian manifold), !8# 6 .B n 0,IONKE,Xi E X &/« TCAX,XO .+ bOi/ll
CA X,X?- dAUlk!I"EW AL’, &1-€0J5U ¥) Z 0GE,X D +"©, V action plot (Beri et al. 2005) A
") O & 0*UGE «"© (geometric minimum action method, GMAM) (Heymann & Vanden-Eijnden
2008) A Y cEUN¢"© (ordered upwind method, OUM) (Cameron 2012) A Z/R V)[ U x (prehistory
probability distribution) (Dykman et al. 1992) ~ < :4 (Machine Learning) (Li et al. 2021a) 1
*"©.
08 ™ %, B, 814ae&e $ U i,IONKE E24A - &, Z A7%' Ax E2y Y yOA&+ X O ICA X 3Lc
E24A - &. '5a, [ bM2 G>5 02143, ™ % Hp ™ VI8. Chen " Liu (2016) ETE> < 6%” ... *
L 2143,X/s TKANI,X-20J, ¥), O iCA X A6NLc- 40e&e,X ~ & ¥*60U -, 1),E-/j),B5,X s
“Ube 8% 61),148X, P7TE"NU X1 0 /TE<EIO ,X O0. ul",X
Ee4l ¥ &0 74" (caustic) @, 3“X'L DD¥7, WKBE¥ UD! " $3718¥7 (()i
2018). i1~ 3YO54a ,XU 64" (switching line), U 64“g{G S,IC+\E¥,X g p&e, 1
Yo58% 0Bl <4aaXOiCAX E. uU64“p, 3“4A,. Chenl (2019) -e0JZ
Type-l " Type-ll A%” 0 5 E B, X Morris-Lecar 2143, A/ Z3“XM2 A, 0 A OICA X,XM2
$¥0 e e 6,X O0,X6(21, aEY¥),OICAX$uCt,XM2 $¥ aGE£ 11),KAE<, B
P M2 $¥2i43.X°UUh {*6,X°0)f, &+ $¥1U h {*6,X$¥/)f.
°og, /»TKANI oo 0),B5XT1),9%db|02i4% De,X & 48 X, V#E"),B5 U6
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Ee+ 1. J\IM2 AE#E" € $,X/«TKANI, O ,-€0J (Chen et al. 2016) ¥), J/+ IE>/R "“-
OpO“E<F',Xxe+ 048 XE> X, >A &+ U/1E<Ei¢'IMa_ < OE<F' X &0 n#
6 D7CUYyJIPO &0 n# 6, 5a/ IE<EI G 40 n# 6 P, X!£ O 8C—E<FN Lc- >A,X O
0 ;&ce"( |. Kraut * Feudel (2003) -€0J Z é3 , U#E" Ma, X Ikeda 6 @,X/* TKANI, ¥),
U#E"Mab3“ ™ G, +18U OL! " Z/+1 LO,X6NGE. E-Y O 0:5U-20J ZK Y FY¥ 4E2
ET (locally disconnected) * F¥%E2E7 (locally connected) U 6Ee+ ,XE24A “/ 7 | 02143,X/e 1
KANI, ¥),/T ¥*6b O,X AE'E«+ &+ (accessible boundary point) b (Silchenko et al.
2005).

AL L8 Z#] Z#E™ 2143, X 4 /1 )U /e« TCAX,X&§8% O OKANI &, YGP-f>A
[+ TKANI,X48 p,l [EW ~ X. 54 G bM2P- fLc 2143,X-€0J iEW #, E¥ H 9Ea#a & /+1
KANI-80J,X&U& O. _rb, II'P-f D], 7%+ ,X 0GE#] 2CCC— AOU - AKE! A'U. A
C—E«1 v?-),B5, V10U - A&?E'U¥ A6N4{C—E+1, EEO U y*ii K YM2P- f >A,XLc |o
2143 10Y 8 _ (Duan 2015, " @ 2021). “!8, M2P- fLc |o02i43 K Y#A /¥:4a X),B5:
8 _, ,1 G,X/+ TKANI,X-€0J & ™ [ bLc | 02I43)UAZ K Y || O*li, E Y- Gj?U,XrL h*i
E .

M2P- fD|TT# 2>A ,XCCC—(M 0, ,A!-€0JEW 1 h*ii S",XM2P~ fLc 2i43
2UY Y/i. 1 O/i Lc #E U243 (stochastic hybrid system), GE24A -G£ &/ 7 -G£50 U,XE>
IR. { E24A -G£$e &,X +/R,X &GE (qC* b/ 7 -G£, /* 7 -G£ E@/I)[ qC* bE24A -G£,XCC
C — Markov E>/R, 18 g5U X 450 ULc E>/B. 1 /i KY UDEOCCC— D | (exponentially light
jump fluctuation) ,XLc | 02143, E-/j >A Lpvy >AX O/j, JCCC—# z (jump measure) U
D>D£. 1 Y/iM2P-f>A3 Lpvwy >AXO/j, GO nLpvy >A, JCCC—# zINM &>D £.

[1 °8Vé90a#AUAZXT AC, 1 YA Ah8VUYVY4jY/i ?2M2P- fLc 2143,X

[+ TKANI,X ?2U @)U «"© "E¥ 6-€0JE™), JuOao08veiOoO OKANL

2 ]..$*<A8°0

21  ]..$*<A30DbS)

UM24“0|o: , ZATTEtG"%ULS> , VG>5& AULS)f " b é$1 &4-LS
48 X. 20 , & <-1X0Dn_' —UL$NU V))UAZ Y GULS$S> ,Xgp ?U48
p. .E?—Pb, b 20 _,XLc | 02143, 4-n,XLc D/, axX>A z,
i h.B n 02143 , 0Dn _4-1Z D |2i43,X?- UYL$ EKEYibp«DE<F
XaqV) /048 p, — UL$Nn)UIE O!9 20 OL E¥ qUx /bl70U x,
aadbn_" —UL$nU&a E-85U% G —p «DE<FLE¥X0OV) _E, 5a0#A)U
AZijJF5a> , WG"%/OY _E (rare events), V>AAAD X ¢ é3 XExF),B5 (Maier &
Stein 1992, Li & Liu 2019) A > AAA D, X aa0 O KE,XE@/I (Li et al. 2020a, Chen & Liu 2017) A
[24£ 2143CY%KU  +),B5 (Khovanov et al. 2013, Li et al. 2020b, Chen et al. 2017) A > AAA b, X
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#E™ (Tamis & Lai 2010, Kong &Liu 2017) 1, 20 # A)UAZ X h*i8x+H. U YL$EKEY, O #
A),B5 ¥*0,X V)[\ &, E- #Aze1Uuz/OY X _E "aV)AZXkY,1j, =~ "aV
_EINX# (=$¢eéEK ¥aa .'5a 8 UEKE zE7C 0K, aV)[_EKS6,X3/A
hUA6NEa#ase é aV) _E. 18, UYLSEKE Y245 Ul%o_E 3EaA6N,X
(more improbable) ", ¥ 0 _E 3/4 4 A6N,X (less improbable) ", & A/ 'L$ EKE z R V)[
1,X0#A),B5 Bu )UXOMNyi.
D : b, Freidlin-Wentzell (2012) 0 # A)UAZ T0Y ZLc | 02i43,X?- 0SE> O p4- nCA X
XFe3X V) Au a

J G ¢?0 o XO0*GE" N, « 61GE, J6&a2th -é
0J,XLc E>/R (= 7E>/R ALc #E U21431), A, b.B+8xD, Op!7,Xa-D, X
RO n .+ b)SCAXXV)[ ™" LE, ziraacAXxr),XA6NQ, & (3)

V*UE<F'L E¥ &F+3,X V)[ - O sSE<F',X V)[. B Laplace «"©, AlT_E,XV)[ 21 b!8""
N,x4z304ae, _V X o OBorel $LS§, i XV)[ID1 Eb
( ></ R.B+). 18, 0#A)UAZX2’Es @ iub, WUV)[,X4& AulkKANIE@ & O0*UGE"
N,X4z 3 O a8 éKANI, ¢5aAty*iUdo: - U:X4£ L4§ pE>" 2.

B-Us)U, 0*UGE" N.XPO 2 ® OV/ICAX, $uCt Qeie &1/R

&1 hXEY } ce SNS2i43

J oe 3NSGE ,XLegendre - 6. 1u/+ICAX,Xé1 Lc ,X,'5aW?!_&0,XV
): UOICA XL EY, & E, WqV) /bOICAX. 0#A)UAZX48pSkLc |o:
Xooa > -KE¥"ANX#! (/+TKANI , OIiCA X,X-20J Y4ce O p48 X 0,XL'NI. U
d O iCA X,X48 X [ b)U?- > A ii/s IKANI ,X 0*(i7C GGj?U, Lc |o:X —KANI O.

2.2 0

VvV é?0 EA, G /*TEKE /+115BUx UDQqC*b0*iGE" N,X O & , Freidlin °
Wentzell (2012) UJn 3* K'9AE, 3“KYVR64

J ></ : , A, 4+ [E24AN DLS. 6 'A+AE, 3 E2y i VY!
5B “40e&e !5B KE Y4+ [E24AND,X 0*UGE,X O & , é?U" IE<EIi  EKEFN 20 a. El
, AiYI5B EY O na-Ls (VO néal|& ), ISEAUS3" 1TA, . ibi0 O
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X2143, LO?2U AulkTl£po O,X é33“ 'aU ' p 3,X3“PyCK9, k < 8xE
,X3“.

NIIT)XtOaP- f>AX ™ %, 3“X& AtYREA«&a)U?-. Oj , naGE K
YV R,XU?:
J E24AA N D $uct (/ X0 n G>5&¢), | Y ) ,

2142 G b&e /,X 3" $uCt (Freidlin & Wentzell 2012). 8t
COE24AA X, i ¢ [/ X O 0 A6NCA X, , $UCt BRM6B,X /B

i1"e/8 (8 “sY.BnOe+RAay), U0>AXPE|R, /+ICAX+0OYE@ UGE an-,
™ ™ J&Y,X"©4&UGE 5[E@ & &, Sk>A6N 6#\56 A6N a4,X6NGEPE |2143/+1. 8t
5x<% Y “2143, G YE@ UGE , i3“a“ND ™m™m]IAOp D’$. 6!AXAE, U

Y2143 , 3*a“ND <1 E. GSuM2VY*“2i43 , 3“;" A1ea S X“ND.
E-3 3“E-p &/A,X 9%d.
ET , T&GE E>4“0é JAulkiMU &0 a"L™ BAIy U D (largest Lyapunov expo-

nentf O ?¢,X2i430 naUd+"©. MU 2tb“NDX'L DD, + Z2i43+04]|
&*Fe3 XL ¢/R z, 18 AL)U?- 2143/« TE3( kL5 . '5a, E-/j » 8 %6N + 2143,X
F0 nQ, "©)),#]1Z2< 48X, XuC. ULc D|R, 2i43¢ & |& XHp €3 X/l
> AE1|0:KANILX —, 53 FX%0 nd ' 4Ct! +1820KANI. °0O/ij0 nd B
€3 X,XKSz9n , G5x32[433CDKITE° . E-/jn «&il©mo0o™ % RM2 EO*i, V>
A zZEW 0O EXCCC—>A. 1uE-/ji0 na "!O/{Et<M6,X< 0 nQ, i On/Rzb6N
6 + G>5&,X0 n8x E, '5a)4f* é30&an 0ndaijYOnX L$0. _V, n 0

3 PXgpUyKY“ND a ,X2143, 1u0 n 3Q7E, @p
20143X0 ntia &aa, IhX/eiL’z34a0 . E- #]121 Y/ijO n0,Xn «& G ¢6KN
GE,X?! z5% 3/« ILO?UC"E> X “ fP-z, U(=)U & :2143 /A # &6N, A1U?- 3,0kiP-"~
( G¥ D1 2020). Ga#A)UAZ , 3“B$e ZE- Op“f,X?!8F, Y*“2i43, w3sNa-
NDGjU. 18, 3“XVE¢6NGEX?z €é$X<0nirozO/inGEgB, ¢5a>
AAAD X 4aa0 O KEXE@/),B5E@ é &as3““L ,XC—Ee>

3 LA p$- >315 .JO-F «

*0(=2143 X>AqB9$dArtU @20, /24£ 2i43 _, ArU 1Y >A (intrinsic
noise) " @ U > A (extrinsic noise) (Bressloff & Newby 2013). 45U 9%d b)f W "26, ?2U+ 0U?°
Eg9,XO04A0t1X4, ,G,X214208 6_¢& 1bF¢ U «/B XE24AMarkovE>/R. 5a1VY
> A {*6 b YL$ p/e $EIF',XLc OKA, KY a ,X/+7(M0, O8 6 & CCC— Markov E>/R.
08 , 8t ></ E24A,X0U?° -G£, [+ 7,X OEIF' D, ¥%5x<% 1Y >AX
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™ % R, U g 8CCC— KES$uCt.Bn /R

J OU?° EKE D, 5a ,X$eeé acE@/)] ,XCCC —MarkovE>/R , “18
X 450 U Markov E>/R, /A U!%.B nP@!4E>/R (piecewise deterministic Markov pro-
cess), éLc #E U2143 (stochastic hybrid system) (Bressloff & Newby 2014). Z1T &, E-G 5x<%
E24A -G£ O4E,X ™ %o. L8 Z/24£ &6 _&, Wi(=)Ué:AUS$|o:AT'E@ )L NZ3FNY
- Gj?U h*0 (Assaf et al. 2011, Newby 2014a).
I bE- p50 02143, é9ihXV)[5§z

iV)[$z,X$eéac¢, U6 & X Chapman-Kolmogorov (CK) /R

"Iy &, UE-p2i4® é9ZgpEKE z, iB? EKE z "E@/IEKE z . O «M6, 815x

<% UL$ , Ba (9 k , i gC*b ,X D, ¢5aV)
X$e &{ </RE@ &

GCCC — Markov E>/R. 8tI£ 6 %CCC— 0O!9, G , 121431Té E ZA 's-'éh*i
E S"",X*0&AE>/R (birth-and-death process) (Dykman et al. 1994), G

J E«+ 5E , . , , 48 U /R (13),
Ek .Bnie/R

°©Q «M6, UAITTrL ,X*6(=(=)U8d _ , CCC—E>/B,X | 0:E° ¢ bE24A -G£, X iB?>

G (Bressloff & Newby 2014). “!8, ., , AtU B (11) mac°O/j Et20
¥X64

a UL$ R, & (15) 4z& .Bnh+/BE/AG /R (mean field equation)
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J $ucCt OXGO Ux. E-G n, i1TnX , 5L aA
4z X.
"4 & ' 150 é asu E, E-2/i2143Uy /bihX.Bnd2i43. 6 1A+AE,
Uy + ZWAX>A z. 0 EW 0 @EW &,X ™ % R, AE 1:5U-20J ZE- @/;2143
>AAA D, XD |2i43ap«D2i43 KEXO#A),B521G,X4a Lc |[o:> . RM6 g
$8V Uy Y4{E- /{2143, X-€0JE™).
3.1  +U&EEY0A

5x<% PEA*6&AE>/R (13), mAGHEZ6AVR

18 @ ( ) ></ CCC—7C ( ) XE@/N[. IbTa $¥ND , PEA
E>/R,X 'L$ a*6 &

4-nTanYUx, pa On zZOpCCC— MarkovE>/B. O pM2 YCw,XKANI
E, AtMarkovE>/R KY & X UL$> ?

_rb, " : L 8,XCCC—I9KS & G- bPEAE>/RF E¥ JE24A UL$, 5a L &
XE@/M[AE 82143 G b EKE ¢E6 - @&, 2143 U ¢E6 /7CJ O,XGO a-Ux. alsakE, 8
2143 K Y o/jF! Z (M U, iE-/j 3 ¢E6LU95 ~ S kAt Markov E>/R,XE<F' ), 10 V)[LE b J
3G 20437, 5a 8 V)[ ¥*6 #/+,X),B5. E- 0),B5 A+ 0 #A s)U?-GZ.

: , X Le-
gendre - 6. A, PEAE>/R? CK Y& XWV)Ux, i Ba#As)U (Freidlin & Wentzell
2012), Y

+ b , Atk . aE e ™! , 0Y G Y |AZ

G, ' , 0 EKE 2z, 2i430V)["™-.BnOE<4“Ex|. E-rL b 0 Dn _,X48 p,
AlLB n OEo |17 PEA3:E6LU95 D7E,X2143G |o:> . 0#A)UAZI"bod430Dn

— UL$nU,XiCrO b, WSKk2i431ibJBNn0G XYL$#AXUDAV)A
1k  Au, JAth*(ib-80J2i43KS 6 | 0 :,X#4AE¥> . V2i43,XE@/I V)[ at
b , GO V)[ U x + 3¢ G!, G /+1EKE
E¥ KY L 6,52 D + 3“Bn.E-048pa=7™6O7E, !8 @ aaKaEA.
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OpYCw,X),B5 , ' e E, 21420 4aXEKE z),4aX]|o:>
vV Y ayY , 18 E aV)[C_bd X ULS$LS; 548t Y ayY ,
2143 ),!'b Y UL$LS b,XLS Ux; 53" , VI EA, 2143 ), Y+ 3X/1
>  (Schuss 2009). Fw , 1 J2EKE 2z, Lc 2i43ceYa ,X> 6?
1a05BNn0G 2043 XE<4", AtA«aU3s#A ulTavLs
EKE KE /bP-f=7BE/R , JIihX'L$ &% a
E-rL P — UL$Nn)U20 _,X48 p (Ge & Qian 2011). 2 .B n (2143,X0 n G>5&e,
+ [ 3 X EKEE¥ L X A-t, b X # A X0 U EKE
Z.
E 019, 5x<% # A .Y
a , @ B n02i43,X0 n G>5&e, + ¥*0 # A X EKEE¥
L 6,X A-L, b X #A¥*6 0 L EKE z.

Jd ,X48 p A1 | STCP-4E. 5x<%(S OONKE ( HDLS) ,XE24A EKECCC — Markov E>
IR, J*6 &

J, E@/)], EQ@/I-1GE. '8 E, oe SNSGE

y*ii @ O4E ™ 6,1 X | PE>/R, PEA48AZ A7%' UP-4EE > |S, !8 @ 4 aC,EA.
32 LA p$->315

Lc #E U204 0/24£ 6 _AUS$|o: AT E@ )1 NZ3FN Y GGE,X h*ii (Assaf et al.
2011, Newby 2014a, Li & Liu 2019). JE24A -G£ “/» 7 -GE50 U, X(M!"48 X, 16N &6 _& O 020
rL (=)U2i43, aE309ZP-2zX4a 0. 1uD|O8EW , G ET EW &, KS 6 0*ii R/« 1
> j UBF!. 18, &1-e0J5U U d ZLc #E U2i43,X 0 #A),B5, A’AuZzi/i?-dab
«'©, Jk z202i¢ééZ72"v%AX48p. _V, O0-20J5U y*i |"OE¥ Aulk ZT Ax { /s
$EIF'1 6 _,X G Oj 6/« 1 EKE (Bressloff & Lawley 2017). 1 bWKBE¥ ‘CAX/AU @ &,
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Bressloff * Newby (2013, 2014) | B ZLc #E U2143,X 0*UGE" N~ O i/ ICA X$uCt,XEY }
2143, Aulk ZLc #E U/24£5%4°2143,X/+ ICA X */+ TEKE, Ud ZLc #E U Morris-Lecar 2143
[+TCAX,X O 048 X. Ud¥), 20 b=7E/R,X ™ %, Lc #E U2i43,X O ICA X j' $uCt
oe 3NS2143. '5a, Yy ub, oe SNSGE+ O pOu E-.L ,X(M U ©o, 52 0*UGE"™ N ce SNSGE
,XLegendre -6 (G+ &1Gf) X/AU, "180*UGE" N & ;e SNSGE£ O8 ""©4-1 &6 &,
E- KANILX"?-09ZUQXAL a48i. '8, AE1-€0J5U a | ZAITE¥ +"©, V30 O =
7E¥ (quasi-steady-state diffusion approximation, QSS), 4+&AE¥ (adiabatic approximation), 2I
43 ] =) (system-size expansion) 1 +"© (Bressloff & Newby 2011, Brooks & Bressloff 2015,
Keener & Newby 2011), A© O y*ii = 7E>/RE¥ Lc #E U2i43. E-0+"© 1 b) 2143 XP- f _
#|: 1z AM 3)f (quasi-cycle) (Brooks & Bressloff 2015) ,X 1),1 F¥% 0Bu K YOU 1,X iC” Q.
'5a, 05x<% n0 O (metastability) ),B5E, 3“  OICAX11),aAy «XAAA (Li & Liu
2019).

RM6é90o0L _,XLc #E U2i43,X)UAZ D +"©, V=T7E¥ «"© O *i,XQSS, @
YU 0 # AKANI, X WKB E¥ , J Y4{E¥ 6 ¥),XG{?U4§ p.

3.2.1 Qi 7Y ™F r

n \a, iYFY%-GE XE@/M[ UQ, Sk ¢EO6CCC—,XaEX-@é\4a. E-p4a§ p><
a, 2143 1b(SO XV)¢E6 b .E-O _rél1zQss «"o,Xx1 AaC, G, V)[&z

AE¥ U? 4-n XSO XG0 Ux a ,XEeL U x,X ,/A (Bressloff & Newby
2014). K'9AE, A’'V)[§z

-9, UCK /R (15) , Jy*i |"©k ,X$e é$uCE, X FPK /B

J $0/12IiD"=72ID Uy

$uCt5E , & «/R(28),X 02

"4 8 UE-G % ++- ZFPK «/R (26) ,X$0/1a=7X0O"LNM. N D ></E¥ X=7
E>s/R,XV)[8zND. +!18Aty*ii = 7TE>/B (26) E¥ s ,XLc #E U2i43, ¢5a S21431T é.
rL P, QSS = 7E¥ «"©O,X1“ 2Ulib 4E ™ % R6N 6 ) & |&L E¥,XP- f _#|
K'9AE, 5x3G +/B @ b yE¥CY + Hopf U h&e,X ™ %o, 2143, (i O p0 n,X&U&e,



90 oAAA:AAAETAAA) H 1 K

L™AI'-%5. KYOITAEEA(MMU . 18EBnO#><), VO 9564, >D£)[ (MU rF%.
5a',UTY>AE, GibLc #E U2i43, VO 95E@ & KS 6,X0 95, ih,Xs)B

0, 0pA , /A 3)f (quasi-cycle) ),B5. ETE > QSS «"©Aulk IE¥ ,XIt{Lc ,U</B, U &
|&+ @4“ (1 & A4£E > Fourier - 6 A1k 2143, X s)[B. E¥ 48pk ,Xs)[B i1),0p A

, aslLc #E U2143,X 8348 p,I' U (Bressloff 2010, 2017; Brooks & Bressloff 2015). “!8,
QSS «"©ib3)f),B5XUdKY +Xi*"

1)LE5xLec #E U/24£5%4° & _ (Li & Liu 2019) _, AJAZQSS =7E¥ «"©,X h*i. Ib
18 8 _, E24A -G£ ->< ,XOU?%+ #, [+ 7, X YFY -GE ></ %"# ,X/24£ p D. X$e é &
¢ O pE@/)[ ,X )19CCC — Markov E>/R
J , . Sigmoid %"#)[, n
J , > Uy EO)[ D, r,z KU . 0U?°+ # $uCtE Ul%o.B n /B
i2143, X V)[ § z $uCE, X CK +/R 6 &
J X-YL $uct
ETE>Aulk, GO Ux  $uCt-D X'ZRUx, iAk G <R
G *«BGb-D XUhOV*1 /, E, ,08p0 na|&e , ~Opaod n
a|&e

y*UQSS «"'©, Atk 1886 XE¥ It{Lc , U /R

J O pP- £,Q > A, $O/i2i D + &4 (4) n XG +BXA&GE , =72 D$uCH

812U5x 32143, X/+ 1),B5, i BZA 's-1,X=7E>/R X 0 #A)UAZ X48p, ¢ck3*
$uCt ce SNSL™ Al" /B (" @ 2021)

B4£ L 0 :,X48 p, E- p +/R A1"- BM6,X — D 8E<F'E> /A U" 2.
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Ysf&l7Ye° el -\@l_ -+°2A* ", TPVI_AE90%& , ,,V9_
A 9 O%a

_rb, Ib!I8O4ES _, 3“ALEVYEIE>4 (36) "2 -k

", aM6 1,8 , =7E¥ &,X 0#A48p,iibs#E 02043, UE°/+4&|& @ 11),EW 0,X
AA A.
322 WKBF r

VI[ EA, 1u=7E¥ () &|&Fe3YXP-f _#:1 FY%OBUEKYOUTXIi
CrQ, '5a, '5x3«1KANI1 < ),BSETT),aAy «XAAA. 1I8E, .[EylisLc #E 02143
h*UWKBE¥ «'© U ™?U,X.

08 , A’CK /R (15) ,X GO V)[ & z$uCt RM6, X WKB 6 &

J 3 4-n X(SO X5EU x. X 202t Db UDNM, 1" $

ND, + XEP-L,XU$8</R%n, E-G 4.A|AZ. U«/B (39) - 9CK +/R,XEUS$( JUJ
X O "L NM k

J-%L 6 &
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& <1 0 >AUL$R, =7E/R1hX3“$uCt ce SNSL™ Al" «/R. 20 , Bressloff
*Newby (2014) A« & ZLc #E U2143,X 3 “$uCt RM6,X ce SNSL™ Al" «/R

J, %L X (MU , /A Peron(MU . W r,X)(MU , Jédb Y-BXMU
X rF¥,. Perron-Frobenius n)U A« Z W i h,X(M U 4G£ u !7,X. 18, Oi/* ICA X$uCt
EY } e SNS2i43

"-E-oU CAX, 3“X$e és$uct

A1RT, Lc #E U2143,X ;e SNSGE 08 "u Y?-d><E’&, ~ W O pou E-%.L ,X (MU
. E-17 Lc #E U2i434 0,X $d . "18, *iiLc , U «/BF E¥Lc #E 02i43, X QSS 1
'O / TWAXGj?U & .
_rb, + /R (41) X?-tn,Xe3NSGEXEY®%Ja O. _V, W3Atn
(Newby 2014b). 1uE-pn YOnXi*“ G oe3NSGE 6N mi?-d><E’ 3,
WY Op5&, GE- n X®3NSGE£4 |GE ,XIND, 5aiND0Bu @)U EP-4EKANI
X ) O & 0*IGE +"© (Heymann & Vanden-Eijnden 2008) A Y cEUN¢"© (Cameron 2012) 1 D
«"© LO,X Bu(Ma. 1uVv!s, AtAeda °~ KVY,JaXU CAX, % EKE-Deéaa
(Newby 2014b). 08 , U2i43,X ce SNSGE£2 Perron (M U .
b O $8V,XLc #E U/24£5%4° 6 _ & Y,X6N 6?- dAulk T ;e SNSGE,X _ $. h*ii WKB
E¥ «"©, EIE> U A’ &Poisson U x,X 64, Be*/R (41), A|DToe SNSGE (Li &
Liu 2019)

Qi+ ICAX 3“AEIES/AUIThX ,U«/RB4™ (43) ° (44) k .
Ba (45), LE e SNSGEU YD 1o 5LEGNGEE<F', Gihb XiB?E<F'“ihb
X# GE<F', V *2 /. +¢,R1, 1£E50ICAXFN E2y 4 |& "Ma&+,X O
“E<. Vp , A1¥) EY}oe 3NS2i43 (43) 4z& G /R, "182143 (i iB?E<F' PEx |
4LO?UBNGE. E->< A |GErL P zGEZ OICA X .BnOCA X KE,XCx/s. 18, 20 b=7E>
IR, |GE X AtR&a j6>AE XU/ <. '54a, 2143 i# EE<F b,XEa |[LO?U &0 n
a|&,X én, 6NGE" LO?U,X, G4

V! EA, 815x<% > AAA B,X/+1),B5, iLc #E U2i434J=7E¥ ,X48p,II"Y :+X
#A, V*3@) /,X3“ ibn0 OKANI, E-/j#AGS\4& 3TDP7EQSS «"©,X . J
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6 OM«2'4 +°,$* ¢ &C °. 1u7z  U: 3862W ="4 \ \  +°.C&C °. 4+7%
72;136=".f « +Dy h+°.c &C °

s”, 3N, uMFPT X UDNM , "183“X,aA O UD7EMFPT ,XEW 0AA A. ETE>
Monte Carlo &3 (Li & Liu 2019), Niaa,X>A z, Aulkl ¢ CEe & |&0SE>Maé&e, X MFPT,
V *3(b) /. y*UMFPT XiDa3“A>A zXeaeDa7"X_r, At\ec k
MFPT XiDa>A za&DXNDG2I. i *3(b) , 3U,E4“Xp)><Z3“X 04, 4z
0.097 8, E- 4 s2143, X WKB E¥ 48§ p0.0964 O7E, 54 4QSS4-1,X48p Y\ 0 A O.
Li & Liu (2019) 4-1 ZQSS «"© ,Xs . EIE>{1"=7E¥ 14X g p e SNSGE
) , *C¥), DQ
Gb|GE ,X'LE¥ . "18, Ui &|& éMa&eFe+3Y, ) , YZWATh
X/eTE<F', U \Q. U *2 , |GE Gb$U XAE4Xp)]><3“X'LDD. 1b
18, A1¥), Ua|&Fe3 Y FPK  s2(43,X48p " GjUX. E-OMI" _raG-,
QSS !aAulk,X3“Gb XL tY O7E,X. '5a, U,JONKE,XJ?2 3 + b|GE\(Q, ce
SNSGE,XLE¥ 4062.B,X. _rb, 17 E°/«&|& @,XEW 0,X |GE | [214® 4 Z 4|
& X éo, SIOYXl+T_Ek?r),. E- QSS ,Xs’'. Kk"4aX , FPK «/B,X
?- 10, Xe3NSGE™' |GE ,X 6ND, 5a-%2L ,XPerron(MU O8 ail7Q E-/j6
4. HH b!8, '5x<%/+1 _EE, =7E¥ X 7% X.

3.2.3 408* ©>— — |

437E G>5 (detailed balance) s (=)U: ,X O pV E, + van Kampen (1957) AGraham °
Haken (1971) (AOY h*iU b FPK «/B. 2k+9 AE, O pP@ e AVE>/R, Vpi GO ™M6 R, I£0
b A6N,X(S OE@/IFN a JEUE@/I G>5, Fw W @ b437E G>5. 457E G>5),B5 4 0 # AKANIK Y §
U6(21, 812i4% @ b4S7E G>5, i¢0 O#|: © O& X O i/« TCAXaA& U " >A ™ %o R i

B? 0 O,X.Bn OE<El " <GjU, %LOUEKE & 18, I+ICAXX&aXe &1# 6,X O
03ail), KANIk ZUG 1Teé.
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(@) *sDyh E =24+ &%, (b) YSC&"'K+°% e, — fO+°>ce wK+° Y2

="1 &1Z°/iL _Lc E>IRX437TEG>55E. & <-1, [btaP-f>AXKY*“N

D,XLc , U /R, 487E G>57% | &0Y. ibJ2™ %, /Y (1992) 4-1Z = 7E5/R @ b437E

G>5 E$O/i > =721 DLO?USUCE, X5 E, JU8 Ak 2i43,X GO “, ¢5a6N 6" ?- GO FPK
«/R. b 08 ,XU$ 6 Markov E>/B, U$uCt8t F A’ R, Gardiner (1985) | D Z!820E>/R, U 6

A4, XCK ¢/R, Jy*iiJ2IDD1Z!8E>/R$uCt437E G>5,X ?2U 5 E. 1b!8, Dykman
1 (1994) Ae & ZCCC — Markov E>/R,X457E G>5 5 E

>7 1 0 ® ALA pEy0A,°4i8* ©>— — ,

Lc B>/

48TEG>55E D
=7B/BB
:,{u‘;;lf A $UCTASTE G>5
Y (1992)
08 ™ %o
( $0/i2iD , =7%L , GO V)[Ux

gqC*b-GE J0 )

CCQMarkov BE>/R ( E@i[ . GO V) ) Dykman 1 (1994)

Lc #E U2i43 a$uUCH4S7E G>5 Li ° Liu (2019)

i bLc #E U2143, Li " Liu (2019) A+ a4 Z!820E>/R ™' a$uCt437E G>5. D : b, Gardiner

(1985) | D,XU$ & Markov E>/R @ b4S7E G>5,X ?U 5 E tiLc #E 02143,X ™ %o R4z &

Bl Op /R, k ,uwali A6N: O M6, 81 a "G, iA?-1(SO
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307 Y=eo"2Yuf;*

op D, G(SO a,UE@/l, '8E/l+7-GE A 4da Lc X, E-E2i43 £ 4a Lc #E U2]
43, © O +M6, 81 a ,lG, iAk , 8 G- O pE24A -G£1 b O p/+ 7 -GE.
", E-p_EV)[ LE. 4D b, Lc #E U2i43 ™' 4$uC+487E G>5.

IM6,X?-G2 + D :AA?04-1,X, '5aa !6N,E?— )U?-E-/j (M,X),B562 V *4

/I, A2i430E CC (5O, awiuSd bpo+ Op!7Lc EKE (X V)|
LE), "awucc °Op(SO. UE-p EKEKELhY, 2i43"- + n ,X.B nE<EI/|.
A'2143CK Y b , U UAXEKE KE VY, 2i43¢(SO ccc— IS O XV -
usS o XV) . 18, 8t a4l bLE, E@/1 V)]

'5a, 812143CK Y b(S O , 0 +04a-X™% R, 21430 EKE aaA6N E'(S
0 , E- 7 .BnaeR, 53,IE<Eli & A6N 47%D-,1 x. '!8, ™NO i EKE

KE YCCC— D 8 !6N %E’'(S O . HH bLc E<F'2’.B E'a Q&+, X V)[ ™' LE, "18E@/I V)[

b ,!1784a;i4XEa|V)aA6N,i1, L8M2 . E-aIM6,XUdO7E, GibLc #EU
2143, EKE&4AEU O , ,X.
4 = |ExD)CUEyY0A.JO-F «

0 P-f,Q>AX|S, Lpyy >A °O/iE¥H9 U « G"%,XLc E>/B. 20 bP- f,Q >
A Lpwy >AALRO0 LpwEsRX6&aDD. x&Ea| KY GO (AOY rGE£ 0" V)[1E24A
CA X,XP- fE>IR, 5aLpvyE>s/R ] ZP- f U x,X?U", JUV)[1E24AEQ é7CLc E24A. +
18, Lpvy E>/B ZLpvy > APE |, XLc , U +/R,X?- 08 &E24A X, *I7TCCCC—&+ A6N /6 §,X
(Duan 2015). E- O «M6 S k!820KANI,X @)U = k,1"AL’, © O «M6 ii-€0J )x!e i, X tipping
),B5 (Serdukova et al. 2017, Zheng et al. 2020) AT E@ )E>/B ,X0U = (Cheng et al. 2019, Chen
X et al. 2019) a6u/< O ,X 30&(S"T (implied volatility smile) = (Poirot & Tankov 2006) 1 ),B5
E, ZAY¥), LpwEJ/REtOuUrL & .
K ' 9AE, P,XLpvyEa|, n CCC—E>/R

B
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J U E ,X°UL$. ibO pBorells ) , N EKE KE YCC
C— zz0 Y, X06D

J CA X.
n Opu b, X Borel # z

/A PoissonlLc # z, éCCC—# z (jump measure). E-0!9, n >9 SPoissonlLc # z

iila , LpywyEg | KYV RLpvy-t{U?- (Duan 2015)
J , KYop#eA-LL X 4Ex@Ee|. D+1 U0CCC—aaccc—Uod, rL b
A1) 7DO - IA LpvyEo |, X*6 4Y 4~ (generating triplet).

B L pvy-Khintchine @ & (Duan 2015), L pvy Ea [, X(M U N D

J /| N D. LpvyE&r [, X L$ &* &

J N D, X Hessian -%2L , ></-%L 2El. rL P, b «Lpvy >A%" ... XLc | 02143,
4 (54 X!gNMA1UyJIo$O/a=7NM . "18, Z AET 5x<%4fCC, XL pvyEx |
G bLpwEr|ZK YLpvy >A XLc ,U«/R,XETQOBU, ?+[) (Duan 2015, Applebaum
2009).

U$uCt oo n R, Freidlin ~ Wentzell (2012) A« & ZLpvy > A P~ f,Q > APE |,XLc
, U «/R$uCt 0 # A)UAZ, JLd &4,X4-1Z J0*UGE" N. '5a, E-05 E\L'P A-. 18, Lipster
* Puhalskii (1992) y*ilLc , U +/R,X2I D4-1ZE-0 n,XF¥% U U5 E. Budhirajal
(2011) K YLpvy > A,XLc 2i4310Y ZPoissonLc # z X" NX-U@4&, Je|bze°
Opsucta#As)UX USBE. Lca 2A4as UE-0-20J48 p h*ii b$uCt UEO 5 E, X YL$
4E (Budhiraja et al. 2013) " "L$4E (Budhiraja & Fischer 2012) Lc | 02143,X-€0J . ibO
AE f 22143, Imkeller 1 (2009) -€0J Z U DEOCGCC—E>/R (exponentially light jump process) D |,X
Oj 8/ T EKEKANI.

U DEOCCC—E>/R O20(M!", X L pvy E>/IR, JCCC—# z$uCt . 5x<%Lc |o
2i43
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J , U DEOCCC—E>/R. ' E, AtA«alc 2043 (57) ,X?-a¢a#As)U.
53" E, 0#As)Uaaa0y, 25a- X48AZ : 4£ z & 4a,X20433uCts z#A

s)U (moderate deviation principle) . JT AC , Ud#A)UAZX V) Aua (3) ,XUDNM
06 ,J E, e . 8VJ\ia (57) ,XLc

,U/R, Yaj0#As)U" z#As)UX-@0JE).
4.1 ]...$0%<

Z1T &, 5x<% O4E,X ™ %. ' E, Lc 2143 (57) ,X?-4a ¢ 0 # A s)U (de Oliveira
Gomes 2018, Yuan & Duan 2019)

JO*UGE" N
i1a,Xx , n 3 (de Oliveira Gomes 2018)
08 , 81CK Y&+ 2143,X & |&e, i3“1TA, .8 UVal|&,XY/sl 3 A,
"Oj 6/+ T EKE
iila,x ) , Y (de Oliveira Gomes 2018)

'5a, O*UGE" N (59) ,X6aJA4EO U O i/+ ICA X,XAulk. Yuan ° Duan (2019) 4-1z1 E
X ©°0/i6aX0*uGE" N

'5a, AabP-f>AX ™%, & X+ &1GE£a6N &?-d ><E'. LEg,X , ihXce
SNSGE, G+ &1G£,XLegendre -6, KY RBM6,X?- d><E’ &

E-G, |GE. /A UNM rL b LE, " # z Gb I/AX.
Tb!8, Lil (2020a) | S ZP-f ™ %o B,XAulk O iCA X ~3“ X ce 3NS 6 & (Hamiltonian
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formalism) h*i b!8202143. VI EA, O*iGE" NrL P G!- E<Eir),, XA6N 0, J< O
d ThbV)[OOXCAX. b, ETE> 0*UGE” N-Uk ,XEY } ;e 3NS2(43,X?-a0Z 01
[+ ICA X

b , E-p ae 3NS2i43 X/A U?- $ UONKE, X i E aoZOillCAX.
¢a (64) "Via& i ( .Bn@2i43,X0 né&|&). + bE- o
b_r, GOICAXE2y 4 |& & e SNSGE UE24A X,IE2E<F'P D, 18U HpOICAXP
. "% &8 CKYDb XOICAXi E , Ba (60)A & (63) 7 Le-

gendre -6, Atk , 0OICAXbP

"I, &, IR (65) ° (67) X & O4"Aulk/eICAX 3“X U,Ui/AU /R4, '5a, i
LOPUAYSE9E™> D /AU. ¢)UAZ PAT, 'fi Y EKEC_bB6 OKE, OICAXhAICKYb 4
|&+, 5atrL E- a4A6N,X. b, fi Y& hEY (i =),IONKE,X 4 |&*,X 40 n# 6 b, Jy
E¥ 4|&. 18, LO?U Ui 4 |& L E¥E> F¥%4“0é. U A, /R (65) ,XL™ Al"-%L

AR Yop(MU , . IhbMU X & |&,X 40 n(M U 4G£
18, OICAX,XAY5EAEY

J Opa-D.

Li 1 (2020a) 4-1Z20 P-4E ™ % R KY UDEOCCC— > A,XLc | 0243, X e 3NS 64, ?
6NGE G>56 _ "~ Maier-Stein 2143, D Aulk Z2i43,X O i/+ICA X 3*“ -20J¥),, uO
AE ™ % B, 3“X6(5a“ND" <,a, ><aE-/{>An020 bP-f>A. -20J4§ p a E4-
1z3“aCCC—# z,X-D KE,X?-dE¥ G2I, JudzccC—# ziOil+ICAX,XEj. U
P-4E ™ %0 B, ¥),ZCCC—# zAAD, X+ &1# 6,X OQ0.

4.2 cU..$0*<

z#As)Uaa#As)UXx64a 20 X, % UD>DE) XL DE"Oo. 08 ,
z#As)UT0Y ZLc E>/B  0SE>4-nND ,X&F*3X V) Au 4
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J, 0*UGE" N, E, e , '18L D "ba#As)UX
+ b)UAZ P, XLz, A!'Gb z#As)U,X-€0JE-,l IEW &. Hu ~Shi (2004) i 020K Y

3x e X=7E/RT0Y ZKSE> X z#A Au. Budhirajal (2012, 2013) i$uCt U5

E.X YL$4E * 'L$4ELpvy _Lc 2i4370Y z z#As)U. u!81. b, de Oliveira Gomes

(2018) A+ a Z E,X UDEOCCC—E>/R$uCt z#As)U, J AuzZ G /+1EKE,X 0 4.

' E, AlA«a /B (57) ,X?- & ¢EO)[ X z#As)U, G ,J
0*UGE" N
J ih.Bnie/RX?. 8&s * auald5Bn0E<4“b, (3" ™' QK.

", E-/j 0*UGE" N3 X48 pJ'uY p 0, X h*U E .

18, n O pGjHeé#AE>/R (renormalized deviation process)

AlAe 3, I8E>/R & & CEO)| X z#As)U (de Oliveira Gomes 2018), 0*UG£" N
20 , n 3"
IBE,X3“UY+ 3YVY4ce Y+ ,X.20 , 81CK Y&s 2143, X 4 |&+, {3“1TA,

.81 Uyal|& XY/l 3 A,

4-n , 5% 3/¢ TEKE
if7ax .Y
BE>/R ,Xn , E-pLc EKE rL b ¢ 3 ,XOj 6/« T EKE. 8t5x 3
b « D2143,X 4 |&+, G , i z#A G —XKANLX BurL b 243 ¢ & |&*,X

L &Fe3 ,X/+1),B5.
5 .0l BLpvy &.JO-F «

M2P- fO nLpvy >A O ?2¢XO/jLpvy >A, KYS" XrL h*ii, Js” 2UY g
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&. O+M6, 0 nLc -G£ Xn Op zéce X qUxULS$, J
, O é(A0Y a U x,XLc -G£ c &, ) aprcé, E-G

J a?u" KYYL$X é&-+A (Duan 2015). 3 AE, 0 nLc -GE£,1'bP- flc =

GEX|S, Jn A1RBRa S X —UL$NU. °O M6, tYE@ I/A 0 nLpvyExa|
JCCC—# z

J X D

J Gamma ND n . ‘'L$a*0 a

J , COANM)U?- A?S /A U (Cauchy principal value integral). 1 b Fourier — 6 ¥),, E-p
IAU1k$ Bib OpUDL *Beflk$. E- g&* Sk 0 nLpvy >A & ™K Y)UAZ b,X-&
0JE , irL (=)U21433 YGj?U,X h*i.

_V, 1b,6r,X LID,8f# GE£ D B, Ditlevsen (1999) ¥),!¢i-&2i43At16 KY
x8Eo | 0 nLpvwE>R,XLc ,U-«/R. Lc aZhengl (2020) ¥)Z O p V) S 9-80J
U#y x h M2P- fLpvy >AE a0*i B,X6NGE G>52143,X O 00 A6N!e¢ i - &. O 0-20J5U ¥
), UA%"/24E£ & _ 0 nLpvy >A6N 6AADBLc E ),B5 (Patel & Kosko 2008, Cognata
et al. 2010). 18 &, Liul (2018) -e0JZK Y VE !I+e "LpvwyCCC—, X EE3y/{SIR#>+™§ X
O 0°&A4+ (. Guarcello1l (2016) ETE> U+ # #5B,XKS4z*3y A4816 « 95 PE|J«
éFYM2P- f > A E j, X sine-Gordon ¢/R, 1J|o:E> ZD -20J. )UAZP, KY x éEn|"
LpvyE>/R,XLc ,U</RA™*198 &0 020Gj?U,XP@!4E>/R, /A Feller E>/R (B |ttcher
2010).

E-010><& KY O nLpvy >AXLc |02i43 KY#A /¥:4a ,X),B5:08 _.
8VJ\ (18202143, Y4i/+1),B52J,iG|0:> ,X ?2U @)U «"© "E¥ 6-€0JE").

5.1 © }OI!W/A 0 ,L* A/A 0 )%

5x<% O4ELc | 02i43

J x 6Eo |, i/A 0 nLpvE>/B, CCC—# z$uCt , U
y IThX>A z. i2043,X*6 a

€20 /R (1) " (2) Uy4-1ZP-f,Q>A5ERG Ojd/+TEKE /+115B U x$u
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Ct,X("y LEEe KANI. BDynkin @ &, J\16V & (80) ,X2i43, G /-1EKE i$ucCi20
, X ¢/ (Duan 2015)

% J X1k$ *6a (81), Ee+ 5E+ XEe+ P,X & ,X>9L% Pb,X .
°©Q «M6, + bLpvyEsRXCCC—(MQ, /+T15B U x,XVE /£ &daEO*u, ~ 2i43/+TEp
™ 3Ee+ I x. 25a - ,X /+1V)[ (escape probability) ,X V E, G2i43CK Y b 3 X,

Qj o/l 3 E: 0 Xop$Ls VY.,XV), A, , $UCE RM6,X «/R (Duan 2015)

B*64 ,X64 (81), A1Y¥),+/R (82) *(83) ,Ui/AU<R, J&/AUlks$ O

AU, 18" 2. XL'zE°Ob ™ YP-f>AX™%. + ba OGEWP-, ,A! @)UI820KANI,X?-d
'OEW &, % Y i(M!" ™ % R6NE¥ "?2.. V , &GE, G'P-f>A éLpvwy >AEW ,
I8ETb O nLpvy >A F¥%XINM&>D £(M 0, Ay*iINM &4{D |E¥ G /«1EKE"
/*TV)[ (Qiao & Duan 2015).

'53, 1D ™ % B, k E-gp */BX)UAZ?- EW AL, X, 18¥),IhXD «"0©
U ™2U,X. ETE>U/AUUF JD /+78é, ey*uAU -0, U,
Gaol (2014) AAUZOpY XD «"©*i 9Aulk G /*TEKE /+1V)[. 1b!8 «"©, Wu
1 (2018) Aulk ZOp1'><E’6 X G /[« TEKE A/«TV)[ Lc é 3 (stochastic basins
of attraction), G>*iiM2P- f 4P~ f > A z 1" 9ASVE@/IE>/R ,X O IEY %. Cail (2017) Ei
E>Aulk/e TEKE &/ TV)[ 9 + [24£ 2043 0 nLpvwy >AAADXH _E. Xul (2016)
ETE>Aulk0 O V)[§z G /+TEKE, -€0J ZM2P-f>AIIFE@ 6  O/GE@ 6,X E j. |
E>9, TbiG /«1EKE,X?-#, Zhang1l (2020) A’AuZzZ O p D BPE | +"©, 6N 6 ¢/ T EKE
DB w2KYP-fxé>A&M2P- fLpvy >AXLc ,U /R,

5.2 Onsager-Machlup *<Ad

Z ¢)UAZbP.BnOi/«TCA X, 8V é 9O0nsager-Machlup (OM) JUAZ. OM)UAZ -&0JLc
| 02143/ 1),B5,X *ii«"©, J1 A C y*i E4© a5CA X,XTnn z,X1uF' ,XV)[9
- OE-5CA Xr),,XA6N 0, At,R & Freidlin-Wentzell 0 # A)JUAZ 0 YL$>A zR,X|
S. UP-f>A™ % B, OM 0*UGE" N! " Freidlin-Wentzell 0*iGE" N1z ONM$O/i2i D,X 7
zZNM, 0 >AUL$ ROM 0*UGE" NEO é Freidlin-Wentzell 0*UGE"™ N,X48§ p.

Y% 11953 H, Onsager " Machlup (1953) O] PT1Z K Y4“0$0/i2iD°> =72ID,X =
7E>/R, X OM "~ N. Tisza ~Manning (1957) Lc & IM24"“ 02143E™> Z =). 18 &, Derir " Bach
(1978) a1z°0/i| DPOM" N,X «"©, U Girsanov = 6 h*ii b = 7E>/BAA B, X# z. Chao
*Duan (2019) U!I8+"©|S "?- (M2P-f) Lpvy >A" (P-f) xé&>ARLc |02i43X
E4 ™ %. Tangl (2014, 2017) ¢°Op+M6E Q!9 |DZ G ,0P-f>AXEL & U
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/08 Lc ?:Gz,XOM" N. 4D U 1pb-80Jap, 8V Y4EW 08 X,0P-f>A"t0
M2P- fLpvy > APE | B,XLc | 02i43, X OM)UAZ.
5x<% BM6,4ELc | 02143

J 4E x €En |, M2P- f LpvyE>/R, J
CCC—# BucCt . LpwE>/R, X0 CCC— A1EIE> xJi (interlacing) (Apple-
baum 2009) «"© 9 @)U, "18E-G ¥5x<% 4CCC— , 1 48V é9,X>9S
PoissonLc # z. aGE $0/121 D, =7-%L .

ibKY,aP-f>AX«/R (84), EY /A U +"© E,X 62z 01 D7E 4 a,XLc ?-Gz, 08
></"© -?-G% (Shi et al. 2012). ZFS!& nlLpvy > A X — D#E#S, G>*i?-GZ - O

, ) Uy ih blt{ Stratonovich "anti- It {{X?-GZz. ETE> Al7$0O/INM, Lc , U
/R (84) AE@ & 43 O, X Stratonovich 6 &

A, A!7,X$0/i21 D. S*UE-/j43 O, X Stratonovich 6 &,X i& A 11T ) h*i BEN,X,
IAU'© i, +!18 CAX/AU"©|D a4A,XOM N D (Tang et al. 2014) 61920 o“y. _rb,
43 OLc ?-Gz26 A,XEY %L % E i | PE>/R, 524 4E OM N D,X48§ p.

iLc D|R, n0 O KE A6N ¥*6C—E-.. UE-pE>/B , O 6 HCw,X .Bn O 0 A6N,XE@
[ICAX. + b)5CAX,XV)[ ™' LE, LO?U-20JLc E<EIETE> @ 5CA X,XFe 3 é1uF', X V)[.
U4- n1uF'n z,X5 E R, E<F'+- Ulu Y, X V)[rL b £EA ZE- O(M nCA X 1), X A6N 0. E
.B AE, 5x<% O p E4© -5xCA X, X1uF'. Vp Ctoa, i?-BE>IR © UluF'Y,X
VIIAYtR64 1k

i>/AND IA OM ND, éuU4ELo: /A « &1GE. /A OM
0*UGE" K.

18, 20 b Freidlin-Wentzell 0 # A)UAZ,X48p, OM"" N, X< O& ihbKYOQ
V)LXCA X, GOICAX. b, V)[XAulkE@ & OM" N,X-UKANI TbUdo:X4£ L4§
p, E2y&+ & X OICAX$uUCtaeis &1/R

JEe+ 5E ) .E-G UOUEO6 Z . E- Op'L,U-R, UW
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E@é Opl E,Xe3NS2i43ibD /AUTE o

E-G, OM N D, X Legendre - 6, |GE. ?2- $ UONKE,X
i E 4-1Z OiCA X.

B[) (Chao & Duan 2019, Tang et al. 2014), /B (87) ,XOM N D ii 45x<% t 0 D,X
™ % B+ B &4-1

J . Ze" A, . iLegendre - 6Aulk 1,X ce 3NSGE£

18, ce SNS2i43K Y RM6,X 6 &

81P- f>A tQ,X, */R4z é

ida (90) OM ND,X6&0@&AE a. O M6, V p5x<%0 n,XLpwEa|, i5E
2U" . °0eM6, ' & (90) ,X E, W64 =7E/R, XOM
N D. 6!A+AE, Lpvy >AIC—E*),B5XEjj6i& (90) OM ND,XL YNM . (My , V
pLpvyEo| /A X, i48p a=7E>/R,X48p O7E,X.
53 Ax116]%73D%°°p 7 ce —i#

"Iy 85.28V ,X+/B (93) Op ,U«/R,X @& E+ KANI, ET A *{ishooting «"© 9 @

)WU. 3 AE, AAXH|GEXAY Ji«/RE™> D /AU, ,E 4ce&e %E’ . '5a, E-/j
“'OUrCE j,igpaCt @.1 O, Eil EY%LOp/A n0O O, X0 n&|& 0 7 Y&
95x<% W,XC—Ees. + b EEA|GE+/R (G & (93) ,X1 “pe/R) UYy , 18U EKEDbD

alL,XD /JAUuUD b 40 nX, *i7C 4aEO n,X. 18 &, UP-4E2i43 11),° O pKANI,
G\LWtnhAlAXHAY |GEX % OUGE. Lil (2021) AAUZOp <:4+"©9?-1E-@p
KANI, 1k"© U e 3NS2143,XGj @ & & */24£5%4°1k"© gFvs U.
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Oj , ZD)U|GEX ¥ 7TKANI, A, Jeé

J °&, n

J "V, AE-p U EéJ4i40e& b t4z 3. 6 AxAE, N DON

KE + ZCKYb ~ Ac4ce&e XE24AE<F' XL3U. _rb, ) X & 04~ Fenchel-Le-

gendre - 6 I.
X G2 _rb AE @)U O aéKANI (95) 9-0 (94). a4(95) ,X-U48pbHIR
M6,X ce SNS2i43

¢a (89 ALRT, Ee+ 5E4z30AYSU O4$U0Ub, U|GEPA,U. 5204
96) , WASSE@ 640 p$UXEe+ 5E °Op|GEXEe+ 5E. E-/jj0O,XQ@ b5acg
?¢,X. & (96) ,XAulk EKE'!&AU ,' aEKEaa/AU|GE .E-lj«'©4s ?-tZ!
M6 o , X shooting «"©,X1 O p5 &, ~ @pe+aX/AUFN /X.

E- b «"©,X1k"© 4§ V B:

1k" © 1:

Step 1 4-n,XOp ~O5f YE<EI (AY );
Step 2 ¢ EKE 2 8/A U +/R k ;
Step 3 ¢ EKE ! &/A U «/R k ;

Step 4 EA -Step 2 “Step 3,E /.
yR9, V) B ,X4e&Ee+ 5E.Bn X AEE> O p#A z/24£5%4° 9 " &, AY24£5%
4° X48 XV *5 [. B-e0J,AX, Eg9 EgI(SOUYyIn L IEP(S OFN Y p UGE.
A’ UEg9 Egl KEY Ld;£ , 1 Y  pl24f . 18, Opa ,XmM24"
0NDA>i021e1T)N D,X &4 U 9E¥

I£ XND n

« “CK?s, A, ) .18 e, ) Uy/A Gj-%.L " #5B aGE. ><
/ O pM24“ 0%"# N D, h*t b -GEXIE£p UGE b, *i,XN D Y sigmoid, tanh, ReLul. y R
9, I YLd;f S*iReLu ND . 5aEgT EY®% & aN D, 1?2z,2 X
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*

£5 nKY%:0n+°.S304}4 +°3y°. .
fOX nOX V.S300+°h, ¢Y ,

2 W [.S304}4 +°D¢, * ,D¢ &. =

ONKE.
E- p/24£5%4° — D, XL3 U, G . [24£5%4° XAe4—
ETEsI-D E> 1é, SJEgI(SO6N 6O FE¥ . K"9AE, A Y DBLS
, Jé95%4°NX# “, AU KE,X Cx/0 3 N D (loss func-
tion). ' AETE> 826 O 1 — D [/24£5%4°E™> Ae4—, "?-3 N D,XM24" (i 2 &KANI

></Eg9DB E5%4°XEgl. 08 , O4aé—-DEIE> f zRLI"OE > EA -

J :4)[ (learning rate) O pEW &,X D.

[24£5%4° XA*4—E>IR 48 V R:

1k" © 2:

Step 1 4-nDBLS A Y -DLS ;

Step 2 h*i! & 6 *Aulk5%4°,XEgi" - E N D;

Step 3 h*1a&6+Aulk -ENDI-D,Xf z;

Step 4 y*i +/R (100) EA - — D;

Step 5 EA - E /.

0 48§, 1k"© SVR:

1k" © 3:

Step 1 *6 4D B: K'9AE, U,XONKE,XO pUEO,X 3Lc EY¥% p&. UfY& Ini
2143, X0 O, y*ulk"©1, | ,XIE£ p&Aulk O 0 A6NCA X ;

Step 2 A*4—/24£5%4°: Tblk"© 2, Step 1*6 &,X D B A*li bA*4—/24£5%4°, JEg 9,
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>
>
>
>
p=2
>
m
>
p>2
>
T
[N
~

Eg l;

Step 3 # A©: 4- n a p4oe&s , Y*UA*4— Q,X/24£5%4° 9Aulk I h,XEgT ;

Step 4 Aulk O 0 A6NCA X: a8 y*ilk"©1 [Aulk O 0 A6NCA X, Udce&4a. ",

18 <:4«"0UgpL__$ Xash*i(Li et al. 2021a), A«rZW ibYeé"uyY
Lpvy >AAt0oé ,aP-f>AA&aalLc /AU?-GZ (It{a AStratonovich & ° anti-

It{& ) ,X21431 7z @/;4E D,X2143,X Y (. 48 p>< &, Al «"O,II"M2P~ f > A EEO*i bP- f
>A, 1", 0>AEEO*ibta>A, Al11k"© | Stratonovich & OY ,X, ' aanti- It{X,
a alt{x.

E-/j *"OE-A1|S J220 ,XKANI. _V, L8 ZOM)UAZ &, uAul Kk Freidlin-Wentzell ,X
0#AUAZRXO0ABNCAXE " A>. ES"™ AE, W3Ath*ibJaNz3 VOi{
KANI1 .

0a, k"YwaX , Allk'©ourL h*a E-,iOpai. Vp/AU4sp,XDB U x,1
i O, iATEY AES.B Aed—/24£5%4°, '54, V pE-0&LS U p(MnX 3, +
b3 NDiudp 3,X GiAOE>G, i paG. "18, Al1k"©,X & s h*i?U" 2i43,X 4GE

KYa/j OO
54  Ax1i6]%73D%°°6]rl#

1uK YLpvy > A XLc |02i43, XOM O*UGE" N /£ Y48 p, '5aW % i a 020 L pvy
>A &0y, h*0KY L$G. ©O M6, )JUAZ48p 3LOk D +"©,XP Ae. "18, ¥)J2aXAu
1k O 0 ABNCA X, X «"© U ™?2U X. TbE@/I V)[ § z$uCt, X Fokker-Planck */R, Zheng 1
(2020) O ¥ Z O/jAulk O 0 A6NCA X,X O 0 '"©.

Ze“></, 1 O4E2143

><Lc ,U-+/R (101) ,X?-!b XV Sz, ></ 4-n X
5ER XE@/TW)[8z, J , G
B (Duan 2015), E@/I V)[§ z $uCt RM6, X Fokker-Planck /R

CEX/AUF%UrL b M2 F4@UDL B« f1k$, ihM2P-f 0 nlLpvy D|. E@/I V)]
$z,XAY5E$UCH

i1ax , , ANS5EV)[&z *ib + U5E R UE !
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b& ,XV)[§z. E-G, 5E URAYSE 465 E . BP@'an, WA:?
></

U5E R, ITOE , $zND D..XA 15Bih(S 0 .E-aG-, i
4-nE , 5EV)[5z X A 15B A, E-olLc E<F',X O 0 A6N I5B, G

U YE-0!5BE2yCK9 Gk ¢fY!5B E@/l 42&e 5B X O 0 A6N
E<EI.

4 (105) XE@/IV)[§z  Fokker-Planck «/B (103) ,X?-, JUAZ" 2-1"AL’. '8, 1
b EKE iONKE/s 7 &, X Toeplitz -%4L 48 X, Gao1 (2016) a1Z O/j ¢E62'.B,X D 1k"©*ii bAu
1k KY Ee+ & 0K 3XM2 FY%Fokker-Planck */B, JAcaZzJ /0. Al E-p+"© A&
4£ S""h*ii b/ 1),B5 (Chen X 2019) ALc U h (Wang 2020) " D BPE | +"© (Zhang 2017) 1
JGKANI . 28, <:4+'©3A1h*ib"?-Fokker-Planck ¢/, _ VXul (2020) y*i
#A 2/24£5%4°AulkP- f > ARXV)[§z, Chenl (2020) Tb CAXDB"?-aEKYP-f
x &> A M2P- fLpvy >A,XLc 2143 Fokker-Planck «/R.

55 M” vG Kramers-Moyal ¢ E

i brL YR48 X “7%' /¥ :1 KANI,X-€0J, ZAET y*Uu(/NS1 "n_é+. élo:
1)UAZ 10Y2143,X | 0 :+/R. ETE>" 218 { /B, aik 2i43,Xih, ék 2(143,X0o
| o:0BU, _VAulk 4a0 O XE@/ICAX. '5a, + bZAIAE T4 ),B5XYFY% 5 #°
0U,X)U?-, V*6(= 9C AGa/¥ : AQle/¥ 1 Nz3, \L'EyIioYJ &XEo|e«/RB. LEs X ,
Lc- /¥-¢ 1K 0,66N 0,XE™19, Z A6N 69« kCr9Cr1,X 4 2143DBLS. 18, ¢>ADB
gaf{ ?° &|o0:(MQU@ p/¥:NZ3FNCK-7C GGj?U,X 0*u.
NIKYP-fxé>AXLc |02i43 Dail (2020) a1ZzOpDBPE| S, *uit¢
DB o200 0A6GNE@/ICA X. 18 «"©,X1T AC , y*iKramers-Moyal @ 4¢ CA X
DB amalc ,U+R,X$0/M =72ID, "' ay*u! O $8v,XO 0 '"©Aulk O 0 A6NCA
X.'5a, E-/j«"© "©O,Ey|S KYM2P- fLpvwy >AX ™ %. Js b, 0 nUxX F%
iNM a>D £, KYGj (heavy-tailed) (M0, J'L-%221p ™' ¥7 OL-% G¥7qC*b
X a . “18, Kramers-Moyal @ 4 4 aEO* U Lpvy > A X ™ %. °O pL'&e Ui b!8 E, X Fokker-
Planck «/8 ,Ui/AU /R, E-3SkKANI-kEta . LEz , Li ~Duan (2021) |D,X
M2 FY¥ (nonlocal) Kramers-Moyal @ & Y ?-f ZE- pKANI, BM6 {18 @ & .1T?U VY4;.
5x<% O p4ELc | 02143
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J ,X$0/i21 D, AE x &
Eo |, Op X-YL KY!'7 D>A z X ITA L pvy
Ea|. nAYS5E , =7-%L, ,XCCC—# z$uCt ,

.+ bLpvyE= | XI/AQ, .
1 b2i43 (107) , X Fokker-Planck «/B, At | B 1RM6,X n)U " |AZ.

nU1l i'£p , VI[§zND CCC—# zA$O/NTA=7K YV R,XG2I:
(1) £ p$ucCt X

i > O7Eaov;

@) i

Q) i

E-pn)UXACALY; REA«a)U?-. & yLpvy >AX ™ % R, It{Lc , U */B,X

E<F' V)[1E24A,X. 3 AE, $0/i2iD " =721 DB6&) ,X E24AF% U, 5aL pvy > ABd) ,X
CCC—F% U. 1i\-AXO!% EKEY, 0,XCCC— ""FN97% bLpvy >A. qBE-pfiC, E-pn)U
UJJONKEUF )x Y )x é gF¥ U. )x éF% U (G n)U,X1 O 5) *ii 9><E’ L pvy CCC—NM, )x YFY,
U (GnU,X1 51 Y5) *u 9><E'$O/I " =7NM. + b U/AU 3L$ u)xY, ¢5aY
FSOzGi (MODB7E/AU ¥ 7,XKANI, 4s U$O/TA=7 aLpvy CCC—NM y*UE@/I V)[§z 9
><E’. '5a, E-pn)UibD 1k"©XA'AuJayYQ. 18, AtUJ maRM6,X|AZ64, ¢
5a U$O/TA =7 aLpvy CCC—NM y*ii CA X D B 9><E™:

|AZ1 Q£ p , Lc , U /R (107) ,X?-"CCC—# zA$O/IA=7K Y VR,X G2I:
(1) NEDp

2 i

@) i

E-p|AZ1 571 Y5 aKramers-Moyal @ 4 K Y20 ,X 6 &, I8E-p |AZ AL/A
M2 F Y Kramers-Moyal @ 4. b |AZ,X1 O 5, 5x<% 1p aaXxX KE, AE¥ k LpvyCCC—
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#z >A z. Gbl 571 Y5, y*iUlND,X4“04"UE¥ , J48U004&" ,"©, A1
Au 1$0/i a = 7NM,XE¥ ><E’'&. K',X D BPE |1k"©,XA’Au =5x [) (Li & Duan 2021), E-G
4 aA°48 Y4i. 18, 4-n CA X DB, y*iIM2 FY Kramers-Moyal @ &, AASyTKYP-f
x&>A M2P-~ fLpvy >AXLc |02i43 480U b 08V Y4i,XO 0 '"©, AlAulkIi2i4s
n0 OKEE@/I,X O 0 A6NCA X, ¢5a¢ CAXDB =21z O 0A6NCA X.

Oa, Ary),, UE-/j*"©=) KY, GLpvy >A XLc |02i43XDBLS Opa
i. UE-/i ™% B, , GLpvy >A. #Zn)U1 1 Op+?0,X30NKEU$S B0 ", PTEND aE
qC*b ° (5844 ™ ™ qC* bONKE G/l ), ¢5a4- D BPE |1k"©,XA’Au U 9 Z AL’ (Li &
Duan 2021).

6 «<<Q

U & b, U7%' /¥ : A/ i/¥: YR :AINZ3 , M2P-f 6 _!"P- fE>SIREKYB
FI'0, aEM24“aM2P- f > A2i43XLc |o:> zE & .Llc- ZAi7%'),B5X £EA
Cr¥2'48, , XKANI TaoK, ia#A)UAZ UM2P- fLc |02i43,X h*iaTZET,X &l.
1¥),X- 9B, ¢1R peM6ald 0%0 i GKANI:

(1) V! EA, *i bAulkLc #E 02143 X/ TKANI,X e SNSGE O pou E-%.L . X (MU .
'5a, [ bP-4E,XKANI, ,A!%Y p y(M!72i436N 62-d" ?2-. b 08 XLc #E U243, V)?-
dE¥ éD AulkJ e 3NSGE; Op¥%d,Xai;

(2) E¥HOLc- Aulk T X:A—¥), <:4¢"'©1J (,Xs6N>S" h*iib? 1|
02143 XL'NI, Vy*i <:4"©"?-0e 3NS-L™ Al" ¢/ AFokker-Planck */R * = UKANI
1.+ bAulk 0 # AKANI ,X O 0 A6NCA X “3“ XL’ zEW 0, U 0GE?—# 83D B,X 1.
P, y*i <:4¢'©9"7?-0#AKANIK Y SKeé,X h*i!C.

7 AN AN S7%' /¥ : IG¥C INM,A (11772149).
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On the exit behaviors of non-Gaussian stochastic dynamical
systems based on large deviation theory

LI Yang®? ZHAO Feng? LIU Xianbin?*

' School of Automation, Nanjing University of Science and Technology, Nanjing 210094, China
> State Key Laboratory of Mechanics and Control of Mechanical Structures,
Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China

Abstract This paper introduces the basic ideas of large deviation theory and its applications in the
study of exit problems of non-Gaussian stochastic dynamical systems. According to different types of non-
Gaussian noise, the main research methods and recent progresses of exit problems are reviewed for
stochastic hybrid systems, stochastic dynamical systems with exponentially light jump fluctuations, and
stochastic systems with-stable L pvy noises. For the stochastic hybrid systems, the quasi-steady-state
diffusion approximation which is approximated by stochastic differential equations, the WKB approxim-
ation for computing quasi-potential and optimal exit paths, the research on detailed balance conditions,
and progresses in exit problems of the simplified version of stochastic hybrid systems (i.e. birth-and-death
processes) are introduced. For the stochastic dynamical systems driven by the exponential light jump
processes, the establishment of the functional extremum problems of large deviation principle and moder-
ate deviation principle, the definition of the quasi-potential concept and the estimation of the mean exit
time are discussed. For stochastic systems with stable L pvy noises, the theoretical and numerical meth-
ods for calculating the mean exit time and exit probability, and Onsager-Machlup theory, machine learn-
ing method, maximum likelihood method and data-driven method for computing the optimal exit paths
are illustrated. Finally, some open problems related to the exit phenomena of non-Gaussian stochastic
dynamical systems are given.

Keywords stochastic dynamical systems, large deviation theory, exit problems, non-Gaussian noise,
most probable exit paths
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