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�âM24“�û�Ô��,��Lc���û�3���v?–�ê+ ,X��Bü�2�û.���v?–�ê+ ��� �î�=,X�á��)„B5,���J�ä�´Eî

����$d�b2Ï4³�Y/T,XM24“�û�ÃLc���û	ž�J��KÈ,X,Ì�f�0*ü.��+��b�>�Ä����,X�î���û	ž�á.B�n�û,

	«Lc���D�|,XM24“�û2Ï4³��
�)„,X�â	s.B�n�û2Ï4³�þ'
�á	à,X�á���è�ÝCw,XLc���|�o�:> ���Ô

,È���Ž�À�G"¼,X&ú&•!��5à�J��,��	«���>�Ä�D�|,X2Ï4³�|�o�:> ���í�È���ÝCw:���Í�b�þ	«�D2Ï4³�â

	«�D2Ï4³,���Ô�•M6,���ü�>�Ä���Ú��,X�!�¤�ß,���Ž�À�î7¾'
�ó�Y	â5Ù> ���â�!5Ù���Ú�yE¥��(�q�V)[�Ã

�V) [ 1�Ã
��•�ã��1�);��	º�Ô�•M6,���!5Ù��.B�n�û,X,���J�|�o�:> ��+��ñ�Ÿ�5�Ê���Ô.B�n,��5à���>�Ä

��	ú�î�Ð7È	â5ÙKS�ó,XLc���|�o�:> ���`�<�á	à�í�È���k�G"¼!���Í!8,���û�#�Â	s)Ú	ž�J�â���š�Û

,Ì�G,X/•�ÎKÂNl-è0J4­�Î�Z�Ô�þ�\�Q,X�²1(.���â�û�D�n�_��(law��of��large��numbers)��
`���—�UL$�n

)Ú��(central��limit��theorem)���á	à,��E­�ø5Ù	¾�G�—�û�V)[�_�Ê	ž�J�UL$> ��,���³�û�#�Â)ÚAŽ��(large��de-

viation��theory)�´��(Freidlin��&��Wentzell��2012)���íA©�Ò�Á/��³M24“�ûLc��2Ï4³���Ô�ñ,X�ã�V)[�_�Ê4£

KS�ÊKÈ$è�ê	Ã�ä���û�V)[�_�Ê�´��,X��)Ú.��E­���´��	«�‚�D2Ï4³> ���Í�þ	«�D2Ï4³> ��,X�û�#�Â

�ü�ÝL$,X�ÊKÈ�Y���ã�V)[�_�Ê.���û�#�Â)„B5�{*ó,X	s�´�ü�b,���V)[)ÚAŽ��,����Aç�Ô�þ�³���´Lc���D

�|,���Û,X���J4³Au�ã��,��	G:���D�|�����\�ã,X�V)[�\�û,���D�|�����\�û,X�V)[�\�ã,���è�D�|,X
���

�\�ã��(L��é��2018).

�D�:�Þ,��2k+9
�AÈ,���û�#�Â)ÚAŽ$d�b�Ô�þ�_�r:���Ô�£+��r	–�D�ê,X�V)[#��z�Í�b	Ã#��_�Ê,X

�� �� 
� )„ 	–�D,X�Û�D	¬�ê)[.��)ÚAŽCK$d	ÃEÑ$ƒ�� �ë û,X2’1k�Ü�Í �±L=> �îN¢L=��Au-è0J �í

Cram�pr��(1944)��,X�G�b(À0ŸLc��	¬G£
`�Ô8�,X�û�#�Â4§�p.��Sanov��(1957)���|�Ð�Z(À0Ÿ	à�Ú�×Lc��

	¬G£,X4£P`�Ú�×.��Lc	â,��Donsker 
 ` Varadhan��(1975a,��1975b,��1976,��1983),��G�lrtner��(1977)���Ú�J�|�S

7Ç�Ô8�, X Markov��JÒ
 ` Markov��E›/ß.��5à�|�o2Ï4³	«��Lc���D�|���{*ó,X����CÃ�X�û�#�Â,X4§�p

�Ô�ñ+ � Varadhan��(1967)�ÃVentsel 
 ` Freidlin��(1970)�ÃFreidlin��
 ` Wentzell��(2012)��4­�Î.���ÞEÄ-è0J


�
Î�b�Ô/¡�S� � Cram�pr 	¬�6,��	GEîE›EÝ	ª	–5×#��z,���S�J�Í�b��5×�³,X�_�Ê�K�Ý�û,X�V)[#��z,

'
 	â �Í �b ��5×�³ ,X�V)[ �£ �Î0Ÿ�G�b	–5×#� �z, X Radon-Nikodym �Ð�D,���JE¯> �� �� ��(Freidlin��&

Wentzell��2012;��Wentzell��2012;��Varadhan��1984,��2016;��Deuschel��&��Stroock��2001;��Dembo��&��Zeitouni

1998;��Feng��&��Kurtz��2006).��20 �ê4 ~ 90 �H�·,��Puhalskii,��O�¶Brien 
 ` Vervaat,��Acosta 1�EîE›2O���b�³


Î� b Prohorov 2û�ûA•�â�Ô�£�V)[#��z���
�/�´,X�•"©,���Ú�û�#�Â)ÚAŽ�|�S7Ç����CÃ�X�ºE²4Á�è

�K �Ý 	Ç �U L$ ,X Lc �� E› /ß 2O �� (Varadhan��1984,��2016;��Deuschel��&��Stroock��2001;��Dembo��&��Zeitouni

1998;��Feng��&��Kurtz��2006).

�üLc���|�o2Ï4³��,���>�ÄAÅ�Ð,X�û�#�Â)„B5�î�Ð7È2Ï4³E°/•�G>5�Õ,X�á���|�o�:> ��,��	G�¢

0��Õ,X
��é
³��,X/•�Î)„B5.��/•�Î)„B5���>�ÄAÅ�Ð,XM24“�û2Ï4³,X�<���|�o�:> ��,����M24“�ûLc

��2Ï4³��(M�Ý,X�á��)„B5!���ü��Lc���D�|�ß,��	G�S�Ô�þ4§�X0��n,X�|�o2Ï4³,���J	«�D	â,XE<4“	Ã

�â�þ�D2Ï4³E<4“��KÈ�{*ó�û�#�Â�J�´!8��	•�³4§�X0��n�û�´��!���Ô�þ	G�S	¾�Ý#äE¥0��n�G>5&•,X�|

�o2Ï4³,���üM2����,XLc���D�|�ß,���JKS�ó�0*ü,X3�/Ã���h	Ã�S�J����E<4“�K�Ý�¢
��é
³���V) [ 1

,X/•�Î�V)[�è	Ã�¹��E’�Ï�)�Ý+ ,X	�
³��(��G¥�D1���2020,���ì���`1���1996).���D�:�ù���ã���Þ,��	¡�ô

.B�n�û�|�o2Ï4³KS�ó> ��,XM2$�95&•Lš�Ã�G>5&•
`�UL$)ƒ,X0��n�û�Ã�<��4§�X1��V�É�Æ�á�aEÖ

80 �o�Â�Â�Â�:�Â�Â�ÂE¯�Â�Â�Â�) ������� ��H������1� ��������	K



*ü�bLc��2Ï4³,���´��!8�Ê,Ì0NKÈ4§�X	Ã6Ñ�ÆM6,Â�<M2.��5à�Í2Ï4³Lc���|�o�:> ���³�V�)�#�Â�´�¹	ž

���³ �# �Â 	¥ *ó ,X 4³ Au (M �U �´ 1� KÂ Nl ,X �v 2ö �“ 7¾ '
 �ä �� �û �# �Â )Ú AŽ -è 0J �ã �� �� �� �ü �� (Freidlin��&

Wentzell��2012,����G¥�D1���2020,���"�@��2021).

�ü/•�ÎKÂNl��,���Ô�ì/•�ÎCÃ�X��(optimal��exit��path)���ê/Ä�Ô�û	Ã6Ñ/•�ÎCÃ�X��(most��probable��exit

path,��MPEP)�Ã�G
�Oj õ/• �Î �ÊKÈ��(mean��first��passage��time,��MFPT)��
` /• �Î �!5B�Ú�×��(exit��loca-

tion��distribution,��ELD)���� ��+�2Ï4³�³�â��/•�Î�´���³�)�Ê/•�Î�´
`�³�¢
¾/•�Î�´,X�Ý�þG¡?U,X(M�UG£,

�Í�W�À,XAu1k
`�Ú�d�Ô,È��Lc���|�o�:NZ
³,X���—KÂNl.��Freidlin 
 ` Wentzell��(2012)���Î0Ÿ,X�û�#

�Â)ÚAŽ�¢�D�:�Þ��E­�þKÂNl,X?·1(�¤�o�Z)ÚAŽ
Î.�,���J�� �—�ñ�Ç�ü�b,���n�� �Z�0*üG£"¯�Ñ��(ac-

tion��functional)��,X�V�É,���Ð�Î�ZE<F'F•
³�ã1uF',X�V)[,X�Û�D��Au�ã,���¢5à�Ú/Ô�Ý�_�Ê,X�V)[Au

1kKÂNlE@�ê��"¯�Ñ,X	¬�ÚKÂNl.��
Î�b4£�L�o�:,X4§�p,���|�Ð�Z�Ô�ì/•�ÎCÃ�X$µC‡,X û�•�í�•�ë��

�ë�¹�•/ß��(Euler-Lagrange��equation),��EîE›�n�� �0*üG£"¯�Ñ�Ô�ã���� �³ �“��(quasi-potential),��	à�Ê

A•�â�Z�G
�/•�Î�ÊKÈ
`/•�Î�!5B�Ú�×�â�³�“,X�Û�D�G2Ï.

�Í � b Markov E›/ß,��MFPT �� �0 �Ê��(stopping��time)��(Freidlin��&��Wentzell��2012,��Bernt��2010) ,X


���.���W�üAÌ�î�:/¥NZ
³��FÑ�Ý�J�rL�,X�h*ü�Ë��,���V�|�o2Ï4³��>5G£
��é�$��KÈ,X,Ì�Í0��n�û

(K�áosek-Dygas��et��al.��1988)�Ã /2 4£ �� 7¾ 	¥ �û �� +	 )„ B5 ,X �Ä �Ä KÈ �ó ��(interspike�� interval)�� (�� G¥ �D

2018,��Ryashko��2018)�Ã�¹/ßNZ
³��4§�X,X	ÃM4�û�Ú�d��(Chen��&��Zhu��2009,��2010)�Ã*ó(=�:��
Î�´,X

E@�)�â5ÏA¥��(Bressloff��2017)��1�.��J\� Í MFPT ,X-è0J+��9�Æ��,���Ô�½	Ã�¹EÑ$ƒ� � 20 �ê4 ~ 40 �H�·,

Kramers��(1940)��-è0J�Z�ë���Û�•/ß��(Langevin��equations)��,X/•�ÎKÂNl,��	¥) „ MFPT �â�>�Ä���z,X

�Û�D�qC*�G2Ï.��J\�Í�³	Ã/Ã
œ�šNS2Ï4³,�����!/Ÿ1���(1992,��2017)���ý*üLc���G
�"©-è0J�ZOj õ0SC^

�ÊKÈ
`Oj õ0SC^����,XKÂNl,���J�¹!8��+�2Ï4³,X	ÃM4�û.��!8�ê,��6²�ô�Ø�0���Ô/¡�Ý��,X�<���|�o

�:> �� �Ú�d�•"©,���3 ��Au1 k MFPT ,X�Ý�� �D�� �¹ �K��(�d �ó1� ��2013).��	º �ê,��AŒ�î-è0J5Ù	¥)„ ,���'

MFPT �â2Ï4³�Y/T,X�ê�ê�ü,X�ÊKÈ���z	
G!�Ê,��2Ï4³�î�{*ó2O���b�E��,X> ��,���VLc���E��
`7¾

AÅ�ÐLc���E��1�)„B5,���ü���„2Ï4³
`	� �:1�NZ
³FÑ�ÝG¡?U,X�h*ü��(Kang��et��al.��2017,��Zhang��et��al.

2021,��)_&p��2020,��Np� « 2021).

�Í�b	«P¬�ƒ,Q�>�Ä�D�|,XM24“�û2Ï4³,��MFPT �•/ß�� $µC‡�V� ß Pontryagin �•/ß��((˜

�ý��LËE•��KÂNl)��(Bernt��2010,��Duan��2015)

�J�� ��*ó�ä����(	 G Fokker-Planck 1k�$,X��Lc1k�$),�� ���Y/•�Î	�
³.���ý*ü���Ö���|"©
`(M�U4“

"©,��Matkowsky 
 ` Schuss 1���(1982,��1983,��)��	 ž Naeh 1 � (1990) ?·�dE¥��Au1k�Z�ü(M�UE•+ ��(charac-

teristic��boundary)��
`M2(M�UE•+ ��(non-characteristic��boundary)���5�Ê�ß, X MFPT #äE¯�) �Ô�ã.��
Î

� b van��der��Pol 	¬�6�Ã���Ö���|"©
`Lc���G
�"©,���()ï
`�ì���`��(2014)��Au1k�Z�Ô2O�Ú!‰4“�û2Ï4³

, X MFPT,��	¥)„�Ú�6E•+ �îEô�ä)ÚAŽ�â�D��4§�p,X�#�Â.����	â,��Kong 
 ` Liu��(2017)���ý*ü�S���Ò6²

�ô�Ø�•"©E¯> �<���|�o�:�Ú�d�¹	ž4§	ÜLc���G
�"©L!4È,��-è0J�Z	«��P¬�ƒ,Q�>�Ä�D�|,X�Ú!‰4“

�û2Ï4³,X�>�ÄAÅ�Ð,X#Ë"`)„B5,��	¥) „ MFPT 	Ã�¹�0���³�>�ÄAÅ�Ð#Ë"`�´,X�Û/��<.

/•�Î�!5B�Ú�×��+��Z2Ï4³C¼C^E•+ �Ê�üE•+ �Þ,X/•�Î&•,X�Ú�×�™�‰,��	à�����Ô�þG¡?U,X(=

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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)ÚG£.���Í �Ï �ã ,XE²4Á�Ñ�D ,���Ñ�D ��( �� /• �Î �!5B�Ú�×)��$µC‡

�•/ß

�ü��P¬�ƒ�>�Ä�5�Ê�ß,��Matkowsky 
 ` Schuss 1���(1982,��1983,��)��	 ž Naeh 1 � (1990) �ý*ü�� �Ö��

�|"©�|�Ð�Z/•�Î �!5B�Ú�×,X?·�dE¥��><E’�ã.��J\�ÍP¬�ƒ,Q�>�Ä�D�|, X FitzHugh�±Nagumo 2Ï4³,

Chen 1���(2017)��	¥)„�õ�³E<F'/•�Î�!5B�âE•+ �³�“�Ô�"&•,X�#�Â,��	GMa&•�²FS)„B 5 (saddle��point

avoidance),����Bü�Þ�9$d�b�ÝL$�>�Ä���z,X�E
¡.���Í�b	º�Ô�þ	Ã%”2Ï4³,��Li 1���(2020b)��	à���Á/��Z

Ma&•�²FS)„B5,���J�ý* ü WKB E¥�����|Au1k�Z/•�Î�!5B�Ú�×,��	¥)„�ÔL
�Â!76Ñ�ó�ù>9E­�þ�#�Â.

+��b�•/ß��(2)��,X"�?·EW���ÄL’,��AŒ�î-è0J5ÙA’Au�Z�Ô2Ï�ëAu1k/•�Î�!5B�Ú�×,X�D���•"©.���_�V,���S

��6²�ô�Ø�•"©�0���Ú�dM24“�û2Ï4³�<���|�o�:4§�X,X�Ý���¹�K,��	à��6Ñ�ó*ü�9Au1k/•�Î�!5B�Ú

�× �� (Han��et��al.��2016).��Zhu 1� �� (2018)��4Ð 	Ü �Z !7 	å Eî G£ G› �� �� (forward�� flux��sampling)�� (Allen��et��al.

2005)��
`�¿E ó Monte��Carlo �õ�³�•"©,X�ì&•,���¤�Î�Z�V)[$è�ê1k"©��(probability��evolution��method),

6Ñ�S*ü�õ�³�•"©�¿Eó�k��/•�Î�!5B�Ú�×.

�Ô�ì/•�ÎCÃ�X,XAu1k���Ô	â�3���ÔL’,XKÂNl,���W�¼�ü��+�/•�Î	¥*ó,X�Y�ü��)Ú,���K�Ý4§�X�û

,XL’�z,�����û�#�Â)ÚAŽ,X���—KÂNl.��
Î�b�0*üG£"¯�Ñ,X	¬�Ú,���Ô�ì/•�ÎCÃ�X$µC‡ û�•�í�•���ë�¹�•

/ß�ê�Í�h,X
œ�šNS2Ï4³.��!8�Ê,��
œ�šNS,Ì0NKÈ,Ì�Í�b	s.B�n�û,Ì0NKÈ�=�)�Ô�á.��8¹5×<%�K�Ý0��n

�á�|&•,X�`4È2Ï4³,���í.B�n�û,Ì0NKÈ�0���á�|&•,X�`4È0��n#��6� �9���¯4È�§�)
œ�šNS,Ì0NKÈ

�� .��+� �b �>�Ä,X�t �9,���á �|&• �î �Î �ø �þ�á0� �n �• 	å,���ô �ä�Z�`4È�á0� �n#� �6,��	G�• �� �ë �¹#� �6

(Lagrangian��manifold),�� !8 #� �6 �� .B �n �û ,Ì 0N KÈ ,X �i �E �X �ä /• �Î CÃ �X ,X �Ò �� .��+� �b �Ô �ì /• �Î

CÃ�X,X?·�dAu1k!¨EW�ÄL’,���ë�î-è0J5Ù	¥�)�Z�ûG£,X�D���•"©,��� V action��plot��(Beri��et��al.��2005)�Ã

�´�)�Ô�ã�0*üG£�•"©��(geometric��minimum��action��method,��GMAM)��(Heymann��&��Vanden-Eijnden

2008)�Ã�Ý�cEÚN¢"©��(ordered��upwind��method,��OUM)��(Cameron��2012)�Ã	Z/ß�V)[�Ú�×��(prehistory

probability��distribution)��(Dykman��et��al.��1992)��
` �� �<�:�4��(Machine��Learning)��(Li��et��al.��2021a)��1�

�•"©.

�Ô8��™�‰�ß,��8¹4œ&•
$�Û�ü,Ì0NKÈ��E²4Á	¬�ê,���Ž�À7¾'
Ax��E²�y�Ÿ�ÿ0Ã&•,X�Ô�ìCÃ�X�3Lc

��E²4Á	¬�ê.��'
5à,���Í�bM2�G>5�Õ2Ï4³,���™�‰	H�þ�™�V!8.��Chen 
 ` Liu��(2016)��EîE›�Í
<�ó%”�…	 �“

L�2Ï4³,X/•�ÎKÂNl,X-è0J,��	¥)„�Ô�ìCÃ�X	Ã6ÑLc-�4œ&•,X	¬�ê	¥*ó0U	¬,���Î)„E­/¡)„B5,X�
��	s

�´�ü�b�•���ë�¹#��6�Î)„�l	´4§�X,���Ð7È"¯�Ñ�U��,X�î���û
`/•�ÎE<EÍ�Ò��,X���Ö�û.���ü�l	´,X

E•4ì�í&ú�74“��(caustic)���Ø,���³ �“ ,X�`L
 �Ð�D	¥�7,��WKB E¥�� �Û�D�! �´ �$ �3�´ !8	¥�7��(�( )ï

2018).���ü�l	´	�
³�Ý�Ô�5�â��,X�Û�64“��(switching��line),���Û�64“�ø�{	G�S,ÌC±�\E¥,X�ø�þ&•,���î

�Ý �ø �5 �§ �%�ûBü�` �< �á 	à ,X�Ô�ìCÃ�X��E’ .���ü �Û�64“ �Þ,���³ �“ �á 	Ã�‚ .��Chen 1� ��(2019)��-è0J�Z

Type-I 
 ` Type-II 	Ã%”�û�5�Ê�ß, X Morris-Lecar 2Ï4³,���Á/��Z�³�“,XM2	Ã�‚�û�Ã�Ô�ìCÃ�X,XM2��

$¥�û
`�•���ë�¹#��6,X���Ö�û,X6(2Ï,��	à�Ê	¥)„�Ô�ìCÃ�X$µC‡,XM2��$¥	åG£
��î�Î)„KÁE<,����Bü

�Þ��M2��$¥2Ï4³,X�º�Û�Ú�h���{*ó,X�º�Û)ƒ,���ê+�$¥/Ï�Ú�h�{*ó,X$¥/Ï)ƒ.

	º�ê,��/•�ÎKÂNl���¤�o���Ö)„B5,X�Î)„�9$d�b�|�o2Ï4³��D•,X�á��4§�X,���V#Ë"`)„B5
`�Ú�6
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E•+ 1�.��J\�ÍM2	 �Æ#Ë"`
��é�$,X/•�ÎKÂNl,���Ô�„-è0J��(Chen��et��al.��2016)��	¥)„�J/•�ÎE›/ß��"“-�

�Ô�þ�Ö�“E<F',X�x	•�� õ4§�XE¯> ,X,���>�Ä�á�•
��Ú/•�ÎE<EÍ�¢�'�!Ma
_
<�óE<F',X�á0��n#�

�6�D7Ç�Ù	ÿ�J�Þ�Ô���á0��n#��6,��5à/•�ÎE<EÍ�ü�á0��n#��6�Þ,X!£�Ô õC—E•FÑ��Lc-��>�Ä,X�Ô

 õ�;&œ"¶�|.��Kraut 
 ` Feudel��(2003)��-è0J�Z
��é
³���,�ü#Ë"`Ma, X Ikeda �ô�Ø,X/•�ÎKÂNl,��	¥)„

�ü#Ë"`Ma�Þ�³�“�´�""��G,��+�!8�U�ûL!�"�Z/•�Î��LÔ,X6ÑG£.��E¬�Ý�Ô�o�:5Ù-è0J�Z�K�Ý��F¼�áE²

Eî��(locally��disconnected)��
`��F¼E²Eî��(locally��connected)���Ú�6E•+ ,XE²4Á
`/•�7�|�o2Ï4³,X/•�Î

KÂNl ,��	¥ )„ /• �Î �� �� 	¥ *ó �b �� �Ô ,X 	ÃE’E•+ &• ��(accessible��boundary��point)���Þ ��(Silchenko��et��al.

2005).

,Â�!,��L8�Z#]	ž#Ë"`2Ï4³,X�á��/•�Î��)Ú
`/•�ÎCÃ�X,X�§�%���Ö�ûKÂNl���ê,���Ý�GP¬�ƒ�>�Ä

/•�ÎKÂNl,X4§�p,Ì�ÍEW���`�X.��5à�G�bM2P¬�ƒLc��2Ï4³,X-è0J�íEW��	��#,��E¥�H�9Eä#ä�ä��/•�Î

KÂNl-è0J,X&ú&•���Ô.���_�r�Þ,��,Ì!¨P¬�ƒ�D�|,��7¾'
+ ��,X�ûG£#]	žCÇC—�Ã0U	¬�ÃKÈ!��Ã'Ú.��Ã

C—E•1��v?–)„B5,���V
Î�´0U	¬�Ã&?�E'Ú	¥�Ã6Ñ4{C—E•1�,���ÈEÖ	Ü�ý*ü�K�ÝM2P¬�ƒ�>�Ä,XLc���|�o

2Ï4³�Î0Ÿ�õ
_��(Duan��2015,���"� @ 2021).���´!8,��M2P¬�ƒLc���|�o2Ï4³���K�Ý#Å��/¥�:�ã��,X)„B5�:

�õ
_,��,Ì�G,X/•�ÎKÂNl,X-è0J�á�™�Í�bLc���|�o2Ï4³)ÚAŽ�K�Ý�|�|�0*ü,���È�Ý-�G¡?U,X�rL��h*ü

�Ë��.

M2P¬�ƒ�D�|�T�T#]	ž�>�Ä����,XCÇC—(M�û,��,Â�!-è0JEW�î
`�h*ü�S"¯,XM2P¬�ƒLc��2Ï4³��

?U�Ý�Ý/¡.��1��Ô/¡��Lc��#Ë	Ü2Ï4³��(stochastic��hybrid��system),��	GE²4Á	¬G£�â/•�7	¬G£5ú	Ü,XE›

/ß.���{�
E²4Á	¬G£$è�ê,X�•/ß,X	åG£
��qC*�b/•�7	¬G£,��/•�7	¬G£��E@/Ï)[�qC*�bE²4Á	¬G£,XCÇ

C — Markov E›/ß,���´!8�ø5Ù�X�ä5ú	ÜLc��E›/ß.��1��`/¡���K�Ý�Û�DEOCÇC—�D�|��(exponentially��light

jump��fluctuation)��,XLc���|�o2Ï4³,��E­/¡�>�Ä� � L�pvy �>�Ä,X�Ô/¡,���JCÇC—#��z��(jump��measure)���Û

�D>D�£.��1��Ý/¡M2P¬�ƒ�>�Ä�3� � L�pvy �>�Ä,X�Ô/¡,��	G 0�� n L�pvy �>�Ä,���JCÇC—#��z�îNM�ã>D�£.

���[1��`8V�é�9�û�#�Â)ÚAŽ,X
Î���ñ�Ç,��1��Ý�Ã�¯�Ã�h8V�Ú�ÿ�Ÿ4¡�Ý/¡��?•M2P¬�ƒLc��2Ï4³,X

/•�ÎKÂNl,X��?U�Ø)Ú�•"©
`E¥�ó-è0JE¯�),���J�ü�Ô	â�Ô8V�¤�Î�Ô�o�Ô���ûKÂNl.��

2���������]�…�$*<Að�º�0
��

2.1���������]�…�$*<Að�0�b�S�)

�üM24“�û�|�o�:��,���Ž�À�T�T�È�t�G"¼�UL$> ��,���V�G>5&•�Ã�UL$)ƒ
`���þ
��é�$1��á	¬Lš

4§�X.��2O��
�,���ë��
<-¹,X�û�D�n�_
`���—�UL$�n)Ú���V)[)ÚAŽ���Ý�G�UL$> ��,X�ø�þ��?U4§

�p.��,È?–�Þ,���Í �b 2O
_,XLc���| �o2Ï4³,�� ��4­�n,XLc���D�|,�� �� �ã,X�>�Ä���z,

�Í�h.B�n�û2Ï4³ ,���û�D�n�_4­�Î�Z�D�|2Ï4³,X?· �ü�ÝL$�ÊKÈ�Y�Í�b�þ	«�DE<F'

,X�q�V)[�
�/�û4§�p,�����—�UL$�n)Ú�íE¯�Ô!9�•?Ô�ÔL
E¥�� �q�Ú�×�
�/�b!7�Õ�Ú�×.

�â�û�D�n�_
`���—�UL$�n)Ú�á	à,��E­�ø5Ù	¾�G�—�þ	«�DE<F'L�E¥,X�û�V)[�_�Ê,��5à�û�#�Â)Ú

AŽ�í	¡�JF'5à> ��,���W�G"¼/Ô�Ý�_�Ê��(rare��events),���V�>�ÄAÅ�Ð,X�¢
��é
³��,XE×F�)„B5��(Maier��&

Stein��1992,��Li��&��Liu��2019)�Ã�>�ÄAÅ�Ð,X�á	à0��Õ��KÈ,XE@/Ï��(Li��et��al.��2020a,��Chen��&��Liu��2017)�Ã

/24£��2Ï4³C¼KÜ����+	)„B5��(Khovanov��et��al.��2013,��Li��et��al.��2020b,��Chen��et��al.��2017)�Ã�>�ÄAÅ�Ð,X

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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#Ë"`��(Tam�is��&��Lai��2010,��Kong��&Liu��2017)��1�,��
��2�û�#�Â)ÚAŽ,X�h*ü8×+H.���ü�ÝL$�ÊKÈ�Y,���û�#

�Â)„B5	¥*ó,X�V)[�\�ã,��E­��#Å�z�ê�l�U�z/Ô�Ý,X�_�Ê���"�â�V)[AŽ,X�k�¼,Ì�j,���´�����"�û�V

)[�_�Ê�ÍNX#��_(=$è�ê�È�K
�	¥�ã�ã��.��'
5à,��8¹�Ú�ÊKÈ���z�Ê7Ç�´0K,���ã�V)[�_�ÊKS�ó,X3�/Ã

�� �h�Ú	Ã6ÑEä#ä$è�ê�� �û�V)[ �_�Ê.���´ !8,���ü�ÝL$�ÊKÈ�Y2’4š	� �Ú�Î 
¾�o�_�Ê�� �³ �È�á	Ã6Ñ,X

(more��improbable)�´,��
¾�o�_�Ê���³/á�á	Ã6Ñ,X��(less��improbable)�´,���ä���Á/��´L$�ÊKÈ���z�ß�V)[

1 ,X�û�#�Â)„B5��Bü��)Ú,X�Ô�^Jy�í.

�D�:�Þ,��Freidlin-Wentzell��(2012)���û�#�Â)ÚAŽ�Î0Ÿ�ZLc���|�o2Ï4³,X?· 0SE›�Ô�þ4­�nCÃ�X

,XF•
³,X�V)[��Au�ã

�J�� 	G���é?Ô���¤��,X�0*üG£"¯�Ñ,�� ���•���ë�¹G£,���J�6�ã	ª�‡�b��-è

0J,XLc��E›/ß��(�=�7E›/ß�ÃLc��#Ë	Ü2Ï4³1�),�� A„���Þ.B+ 8×�D,�� ���Ô�þ!7,X�ã	–�D,�� ,X

�ß�Û���ñ�� .��+��b	)�5CÃ�X,X�V)[�™'
��LÊ,�����Z�Í!¨�á	àCÃ�X�r)„,X	Ã6Ñ�û,���ã��(3)

�ý*üE<F'L�E¥�ãF•
³,X�V)[�·�Ó	sE<F',X�V)[.���
� B Laplace �•"©,��AÌ�î�_�Ê,X�V)[
�	ª�‡�b!8"¯

�Ñ,X4z�3�Ô�ã�ê,���_�V �� ,X�¤� Ô Borel �$Lš,���í ,X�V)[�Í�D1��Ë�b

( ></��ß.B+ ).���´!8,���û�#�Â)ÚAŽ,X2’Es���Ø�ü�b,���W�Ú�V)[,X�á��Au1kKÂNlE@�ê���0*üG£"¯

�Ñ,X4z�3�Ô�ã�êKÂNl,���¢5à	Ã�¹�ý*ü�Ú�d�o�:
`	¬�Ú�:,X4£�L4§�pE¯> "�?·.

�
�B	¬�Ú	s)Ú,���0*üG£"¯�Ñ,XPO��?· �í�Ô�ì/•�ÎCÃ�X,��$µC‡ û�•�í�•���ë�¹�•/ß

�ê�Í�h,XEY�}
œ�šNS2Ï4³

�J��
œ�šNSG£ �� , X Legendre 	¬�6.����1u/•�ÎCÃ�X,X�ë�î������Lc��,X,��'
5à�W�¹	_�æ�û,X�V

)[:��ü�Ô�ìCÃ�XL�E¥,���è �Ê,���W�q�V)[�
�/�b�Ô�ìCÃ�X.���û�#�Â)ÚAŽ,X4§�p�S�kLc���|�o�:

,X�¤�o�á��> ��	¬�kE¥�"	ÃNX#�!���ü/•�ÎKÂNl��,���Ô�ìCÃ�X,X-è0J�Ÿ4œ���Ô�þ4§�X�û,XL’Nl.���Ú

�d�Ô�ìCÃ�X,X4§�X�Í�b)Ú?·�>�Ä�ü/•�ÎKÂNl��,X�0*ü7Ç�GG¡?U,����Lc���|�o�:,X���—KÂNl���Ô.��

2.2�����������õ

�V�é?Ô��EÄ,���G
�/•�Î�ÊKÈ
`/•�Î�!5B�Ú�×
��Û�D�qC*�b�0*üG£"¯�Ñ,X�Ô�ã��,��Freidlin 
`

Wentzell��(2012)���Ú�J�n�����³�“.���K�'�9AÈ,���³�“�K�Ý�V�ß�6�ã

�J�� ></� ,�� ,�� A„��4±�ÍE²4Á�Ñ�DLš.���6	¹A±AÈ,���³�“��E²�y�ñ�Ÿ�!

5B 
`4œ&•�!5B ��KÈ���Ý4±�ÍE²4Á�Ñ�D,X�0*üG£,X�Ô�ã��,���è?U"��ÍE<EÍ
`�ÊKÈFÑ	ª�Ô�ã.��Eî

��,���ñ�Ÿ�!5B EÝ��0��n�á	¬Lš��(�V0��n�á�|&• ),��!8�Ê	Ã�Ú�³�“ 1TA„�� .���Í�b�î0��Õ
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,X2Ï4³,��LÔ?U��Au1k�Î!£�þ0��Õ,X
��é
³�³�“,��'
	â�Ú�´�þ	�
³,X�³�“�Ð�yCK�9,���k���<��8×�È

,X�³�“.

J\�Í1T	),X�t�ûP¬�ƒ�>�Ä,X�™�‰,���³�“,X�ã��	Ã�¹�Ý�ßEÄ�•�ã)Ú?·.��Oj��,�����n	åG£
� �K

�Ý�V�ß,X�Ú?·

�J��E²4Á	Ã�‚�Ñ�D $µC‡ ��(� / �� ����,X0��n�G>5&•),���Í �Ý �è ,

.���í2Ï4³�G�b& • � / ,X�³�“ $µC‡ ��(Freidlin��&��Wentzell��2012).��8¹

���` õE²4Á	Ã�‚,X,���í� ¢ � / �� ,X�Ô�û	Ã6ÑCÃ�X ,�� ,��$µC‡�ßM6,X�•/ß

�Í!¨�•/ß��(8)��
`	s�Ÿ.B�n�û�•/ß	â	¥)„,���ü�>�Ä,XPE�|�ß,��/•�ÎCÃ�X�±�Õ�ŸE@�ÚG£ �á	¬,

�™�™�Ú	å�Y,X"©	å�ÚG£ 5ÏE@	å�ê,���S�k�>�Ä6Ñ�ó#\5ë��	Ã6Ñ�ã,X6ÑG£PE�|2Ï4³/•�Î.��8¹

5×<%�Ý�“2Ï4³,��	G�ŸE@�ÚG£ ,���í�³�“�â�“�Ñ�D �™�™,Ì�Â�Ô�þ���D�´�$.���6	¹A±AÈ,���ü

�Ý�“2Ï4³��,���³�“�â�“�Ñ�D�`�<1��Ë.��	G�S�üM2�Ý�“2Ï4³��,���³�“�¡'
	Ã�¹,ß�ä���S��,X�“�Ñ�D.

E­�3���³�“E­�þ	á/Ä,X�9$d.

Eî �� ,���Í 	åG£
�E¯> 4“ �û�ê�JAu1k(M�U�� �ê�Ô�û�"L™�BAÎ�ÿ�Û�D��(largest��Lyapunov��expo-

nent)�����Ô��?•,X2Ï4³0��n�û�Ú�d�•"©.��(M�U��	ª�‡�b�“�Ñ�D,X�`L
�Ð�D,����+��Z2Ï4³/•�Ô�á�|

&•F•
³,XL’�ç/ß�z,���´!8	Ã�¹)Ú?·��2Ï4³/•�Î�Ê�³(��k�îL5�´.��'
5à,��E­/¡�•�ã	¾6Ñ��+�2Ï4³,X��

F¼0��n�û,���´"©�))„#]	ž�<��4§�X,X�µ�C.���üLc���D�|�ß,��2Ï4³�¢�á�|&•,X�H�þ
��é
³��,X/•�Î

> ����AŒ�î�|�o�:KÂNl,X���—,��5à��F¼0��n�û��'
�áC‡�¹��+�!82OKÂNl.��	º�Ô/¡0��n�û���
�B
�

�é
³	��X,XKS�z�9�n��,��	G5×�³2Ï4³�³CD�k�îE°�´.��E­/¡�n���•�ã�ü�¤�o�™�‰�ßM2��EÖ*ü,���_�V�>

�Ä���zEW�û�Ê,XCÇC—�>�Ä.����1uE­/¡0��n�û��!¨�!�Ô/¡�È�t�<M6,X�<��0��n�û,���ü�Ô�n/ß�z�Þ6Ñ

�ó��+��G>5&•,X0��n8×�È,��'
5à	)4ƒ�¹
��é
³�û�ã�n��0��n�û�¡�Ý�Ô�n,X��L$�û.���_�V,���n���ü

	�
³ �Þ,X�ø�þ�Ú�ÿ�K�Ý�“�Ñ�D �â ,X2Ï4³,����1u0��n	�
³�Ô7È,���ø�þ

2Ï4³,X0��n�û�â���á	à,��,Ì�h,X/•�ÎL’�z�3�á�Ô��.��E­��#]	ž1��Ý/¡0��n�û,X�n���•�ã,��	G�¢6Ñ

G£,X?¦�z5×�³/•�ÎLÔ?UC^E›,X�“
fP¬�z,���ü(=)Ú�ê�:2Ï4³��/Ä��#��ê6Ñ,��	Ã�¹)Ú?·���³,O�k�îP¬�´

(��G¥�D1���2020).���ü�û�#�Â)ÚAŽ��,���³�“�B$è�ZE­���Ô�þ�“
f,X?¦8F,���ü�Ý�“2Ï4³��,���W�36Ñ�â�“

�Ñ�DG¡	Ü.���´!8,���³�“,X�V�É�¢6ÑG£,X?¦�z��
��é�$,X�<��0��n�û�¤�o�Z�Ô/¡�nG£�ø�B,���¢5à�>

�ÄAÅ�Ð,X�á	à0��Õ��KÈ,XE@/Ï)„B5E@�ê���á	à�³�“�“L�,XC—E•> ��.��

3��������LÅ�p$-
>315�.J0¬F��‹

*ó(=2Ï4³��,X�>�Ä�q�B�9$d	Ã�¹�Ú���ø2O,���¹/24£��2Ï4³���_,��	Ã�¹�Ú���Î�Ý�>�Ä��(intrinsic

noise)��
` �ê�ü�>�Ä��(extrinsic��noise)��(Bressloff��&��Newby��2013).��	â5Ù�9$d�b)ƒ�W�´2ô,����?U+�0U?º

Eg�9,X�Õ4Á�û�†�Ï�X�ä,��,Ì�G,X2Ï4³�Ô8��õ
_�ê��
Î�bF¢���Û�•/ß,XE²4 Á Markov E›/ß.��5à�Î�Ý

�>�Ä�{*ó�b�ÝL$�þ/•�$EîF',XLc���ÔKÁ,���K�Ý�â��,X/•�7(M�û,���Ô8��õ
_�ê��CÇC — Markov E›/ß.

�Ô8�
�,��8¹ ></�E²4Á,X0U?º	¬G£,�� ��/•�7,X�ÔEîF'�D,��	¾5×<%�Î�Ý�>�Ä,X

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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�™�‰�ß,�� �ü �ø õCÇC—��KÈ$µC‡.B�n�û�•/ß

�J�� ��0U?º�ÊKÈ���D,��5à ,X$è�ê�á�¢E@/Ï)[�� ,XCÇC — Markov E›/ß ,���´!8

�X�ä5ú	 Ü Markov E›/ß,��/Ä �� �Ú!‰.B�nP@!ãE›/ß��(piecewise��deterministic��Markov��pro-

cess),���êLc��#Ë	Ü2Ï4³��(stochastic��hybrid��system)��(Bressloff��&��Newby��2014).���� �Z1T�ê,��E­G 5×<%

E²4Á	¬G£���Ô4È,X�™�‰.��L8�Z/24£���õ
_�ê,���W�ü(=)Ú�ê�:�Ã�Ú�$�|�o�:�Ã
Î�´E@�)1�NZ
³FÑ�Ý

-�G¡?U�h*ü��(Assaf��et��al.��2011,��Newby��2014a).

�Í�bE­�þ5ú	Ü2Ï4³,���é�9�Í�h,X�V)[�š�z

�í�V)[�š�z,X$è�ê�á�¢�‚�Ú�6�ã, X Chapman-Kolmogorov��(CK)���•/ß

"¼�ã,���üE­�þ2Ï4³���é�9�Z�ø�þ�ÊKÈ���z,���ïB?�ÊKÈ���z 
`E@/Ï�ÊKÈ���z .���Ô�•M6,��8¹5×

<%�UL$ ,���
 �B �ã ��(9)���k �� ,���í �� �qC*�b ,X�� �D,���¢5à�V)[

,X$è�ê�{�
�•/ßE@�ê��

	GCÇC — Markov E›/ß.��8¹ !£ õ	¾CÇC—�Ô!9,��	G ,���í2Ï4³1T�ê���È���Ž�À��'s-¹�è�h*ü

�È�S"¯,X*ó&AE›/ß��(birth-and-death��process)��(Dykman��et��al.��1994),��	G

�J��E•+ �5�Ê�� ,�� .���¸ ,�� ,��4§	Ü�•/ß��(13),

�' �Ê�k��.B�n�û�•/ß

	º�Ô�•M6,���üAÌ�î�rL�,X*ó(=(=)Ú�õ
_��,��CÇC—E›/ß,X�|�o�:E°�¿�bE²4Á	¬G£,X�ïB?> ��,

	G ��(Bressloff��&��Newby��2014).���´!8,���¸ ,�� ,��	Ã�¹�Ú�•/ß��(11)���
 �m�ä	º�Ô/¡�È�t2û

�¥,X�6�ã

�ü �UL$�ß,���ã��(15)��4z�ê��.B�n�û�•/ß�ê/Ä�G
�
��•/ß��(mean��field��equation)
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�J�� ��$µC‡ ���Ô,X�G0��Ú�×.��E­G ���n,���Í�Î�n,X ,��-½L	 ���á	Ã

4z,X.

"¼�ã���'�!5Ù �ê	â5Ù �Ê,��E­�ø/¡2Ï4³�Ú�ÿ�
�/�b�Í�h,X.B�n�û2Ï4³.���6	¹A±AÈ,


` �Ú�ÿ��+��Z�W�À,X�>�Ä���z.���ü EW�û�ê EW�ã,X�™�‰�ß,��AŒ�î�:5Ù-è0J�ZE­�ø/¡2Ï4³��

���>�ÄAÅ�Ð,X�D�|2Ï4³�â�þ	«�D2Ï4³��KÈ,X�û�#�Â)„B5	ž,Ì�G,X�á��Lc���|�o�:> ��.���ßM6�ø

�$8V�Ú�ÿ�Ÿ4¡E­�ø/¡2Ï4³,X-è0JE¯�).��

3.1��������+U&£Eý0A

5×<%�ÞEÄ*ó&AE›/ß��(13),���m�ä�G�b,X�š�z�6�ã�V�ß

!8�Ø ��( )��></� CÇC—7Ç ��( )��,XE@/Ï)[.���Í�b�Ï�ã��$¥�Ñ�D ,���ÞEÄ

E›/ß,X�´L$�ã*ó�ä����

4­ �n �Ï �ã �ñ �Ÿ �Ú �× ,�� �Þ �ã �� �Ô �n �� �Z �Ô �þ CÇ C — Markov E› /ß .�� �Ô �þ M2 �� �Ý Cw ,X KÂ Nl �� :�� �'

�Ê,��A ¹ Markov E›/ß�K�Ý�â��,X�UL$> ��?

�_�r�Þ,���' ,�� L
 õ,XCÇC—!9KS�ã
G-��ÞEÄE›/ßF�E¥�JE²4Á�UL$,��5à L
 õ

,XE@/Ï)[AÈ�â2Ï4³�G�b�ÊKÈ�¿Eó	¬�ê,��2Ï4³�Ú�¿Eó�
�/7Ç�J���Ô,X�G0��á	¬�Ú�×.���â!8	à�Ê,��8¹

2Ï4³�K�Ý�¤/¡F!	Z�û(M�U,���íE­/¡�³�¿EóLÛ95�´�S�kA ¹ Markov E›/ß,XE<F'
�)„�Î�û�V)[Lš���b�J

���³�G
�2Ï4³�´,��5à�ã�V)[	¥*ó�#/•,X)„B5.��E­�Ô)„B5	Ã+��û�#�Â	s)Ú?·Gž.

�¸ ,�� �� , X Le-

gendre 	¬�6.��A„ ���ÞEÄE›/ß�¹ ��CK�Ÿ&•,X�V)[�Ú�×,���í�
�B�û�#�Â	s)Ú��(Freidlin��&��Wentzell

2012),���Ý

+��b ,��	Ã�¹�|�k .��	à�Ê �'�è�™�' ,��0Ÿ	G�Ý�|AŽ

	G,���' ,���ü �ÊKÈ���z,��2Ï4³�û�V)["“-�.B�n�ûE<4“E¤�|.��E­�rL��Þ���û�D�n�_,X4§�p,

A¹.B�n�ûE¤�|!7���ÞEÄ�³�¿EóLÛ95�´�Ð7È,X2Ï4³�G
��|�o�:> ��.���û�#�Â)ÚAŽ,Ì!¨�b�ô4³�û�D�n

�_
`���—�UL$�n)Ú,X�ìC^�û�ü�b,���W�S�k2Ï4³,Ì�Í�b�J.B�n�û�G
�,X�ÝL$�#�Â,X�Û�D�ã�V)[	Ã

�¹�k����Au,���J	Ã�¹�h*ü�b-è0J2Ï4³KS�ó�|�o�:,X#äE¥> ��.���V2Ï4³,XE@/Ï�V)[ 	ª�‡

�b ,���G0� �V )[ �Ú �× +� �³ �“ ��G! ,���G 
� /• �Î �ÊKÈ

E¥���K�Ý L
 õ,��5à���D +��³�“.B�n.��E­�o4§�p�â�=�7�™�6�Ô7È,��!8�Ø�á�aKäEÄ.

1� ��1���ó �"�@�
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Î�b�û�#�Â)ÚAŽM2P¬�ƒLc���|�o2Ï4³/•�Î> ��-è0J 87



�Ô�þ�ÝCw,X)„B5��,���' �è �Ê,��2Ï4³�ü�á	à,X�ÊKÈ���z
�)„ �á	à,X�| �o�:> �� .

�V���Ý �a�Ý ,��!8�Ê �û�V)[C_�b�ñ�� ,X �UL$Lš;��5à8¹���Ý �a�Ý ,

2Ï4³
�)„�!�b���Ý�UL$Lš�Þ,XLš���Ú�×;��5à�' ,���V�!��EÄ,��2Ï4³
�)„�Ý+ 	�
³,X/•�Î

> ����(Schuss��2009).��Fw��,���ü�J�ª�ÊKÈ���z,��Lc��2Ï4³	œ�Ý�â��,X> ��
6?

�¸ ���Ï�ã�Ô�5.B�n�û�G
�2Ï4³,XE<4“,��	Ã�¹A•�â�Û�š�#�Â �ü�Ï�ã�ÝL$

�ÊKÈ	�KÈ���
�/�bP¬�ƒ�=�7E›/ß ,���J�Í�h,X�´L$�ã*ó�ä����

E­�rL��Þ�����—�UL$�n)Ú2O
_,X4§�p��(Ge��&��Qian��2011).��	ª ��.B�n�û2Ï4³,X0��n�G>5&•,

+� /• �Î 	� 
³ ,X�ÊKÈE¥�� �� L
,X	Ã-¹,�� ,Ì !¨ �b ,X �#�Â	¥*ó�ü �ÊKÈ

���z.

E¯�Ô!9,��5×<%�#�Â ,���Ý

	à �� 
� ,�� 	ª �� .B �n �û 2Ï 4³ ,X 0� �n �G >5 &• ,��+� 	¥ *ó �# �Â ,X �Ê KÈ E¥ �� ��

L
 õ,X	Ã-¹,�� ,Ì!¨�b ,X �#�Â	¥*ó�ü L
�ÊKÈ���z.

,Ì��,X4§�p	Ã�¹�|�S7ÇP¬4È.��5×<%(Š�Õ0NKÈ�� ��( ���H�DLš)��,XE²4Á�ÊKÈCÇC — Markov E›

/ß,���J*ó�ä����

�J��,�� ��E@/Ï)[,�� ��E@/Ï-¶G£.��!8�Ê,��
œ�šNSG£�� ��

�ý*ü�â�Ô4È�™�6,Ì��,X�|�ÐE›/ß,���ÞEÄ4§AŽ	Ã7¾'
�üP¬4ÈE¯> �|�S,��!8�Ø�á�aC,EÄ.��

3.2��������LÅ�p$-
>315�

Lc��#Ë	Ü2Ï4³�ü/24£���õ
_�Ã�Ú�$�|�o�:�Ã
Î�´E@�)1�NZ
³FÑ�Ý�ûG£,X�h*ü��(Assaf��et��al.

2011,��Newby��2014a,��Li��&��Liu��2019).���JE²4Á	¬G£
`/•�7	¬G£5ú	Ü,X(M!^4§�X,���¶6Ñ�õ
_�ê�Ô�û2O

�rL�(=)Ú2Ï4³,��	à�Ê�3�ú�9�ZP¬�z,X�á���û.����1u�D�|�Ô8�EW��,��	G Eî��EW�ã,��KS�ó�0*ü�ß/•�Î

> ���¡	��Ú�BF!.����!8,���ë�î-è0J5Ù�Ú�d�ZLc��#Ë	Ü2Ï4³,X�û�#�Â)„B5,��A’Au�Z�î/¡?·�d�â�D��

�•"©,���J�k���Z�Ô2Ï�ë�é�Ž"¼,Â,X4§�p.���_�V,���Ô�o-è0J5Ù�ý*ü���|"©E¥��Au1k�Z
Î�´A×�{
`/•

�$EîF'1��õ
_,X�G
�Oj õ/•�Î�ÊKÈ��(Bressloff��&��Lawley��2017).��
Î� b WKB E¥��
`CÃ�X/Ã�Ú�@�ã,
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Bressloff 
 ` Newby��(2013,��2014)���|�Ð�ZLc��#Ë	Ü2Ï4³,X�0*üG£"¯�Ñ
`�Ô�ì/•�ÎCÃ�X$µC‡,XEY�}

2Ï4³,��Au1k�ZLc��#Ë	Ü/24£5%4°2Ï4³,X/•�ÎCÃ�X
`/•�Î�ÊKÈ,���Ú�d�ZLc��#Ë	 Ü Morris-Lecar 2Ï4³

/•�ÎCÃ�X,X���Ö�û4§�X.���Ú�d	¥)„,��2O���b�=�7E›/ß,X�™�‰,��Lc��#Ë	Ü2Ï4³,X�Ô�ìCÃ�X�¡'
$µC‡


œ�šNS2Ï4³.��'
5à,��	��ÿ�ü�b,��
œ�šNSG£+��Ô�þ0ú	Ë-½L	,X(M�U���¤�o,��5à�0*üG£"¯�Ñ��
œ�šNSG£

, X Legendre 	¬�6��(	G�•���ë�¹G£)��,X/Ã�Ú,���´!8�0*üG£"¯�Ñ�â
œ�šNSG£�Ô8��´"©4­�Î���ã�6�ã,

E­��KÂNl,X"�?·�ú�9�Z�U�û,X�ÄL’�â�å�ì.����!8,��AŒ�î-è0J5Ù�¤�Î�ZAÌ�îE¥���•"©,���V�³0��Õ�=

�7E¥����(quasi-steady-state��diffusion��approximation,��QSS),��4±&ÁE¥����(adiabatic��approximation),��2Ï

4³ �� �Ì �= �) �� (system-size��expansion)��1� �• "© �� (Bressloff��&��Newby��2011,��Brooks��&��Bressloff��2015,

Keener��&��Newby��2011),��A©�Ò�ý*ü�=�7E›/ßE¥��Lc��#Ë	Ü2Ï4³.��E­�o�•"©�Í�b�)��2Ï4³,XP¬�ƒ
_

#|:��¹	ž�ÁM��³)ƒ��(quasi-cycle)��(Brooks��&��Bressloff��2015)��,X�Î)„1���F¼�ûBü�K�Ý0U�Î,X�ìC^�û.

'
5à,���ü5×<%�n0��Õ��(metastability)��)„B5�Ê,���³ �“ 
` �Ô�ìCÃ�X�î �Î)„ �á	Ã�y	«,XAÃ�Â��(Li��&��Liu

2019).

�ßM6�é�9�Ô�o�L
_,XLc��#Ë	Ü2Ï4³,X)ÚAŽ
`�D���•"©,���V�=�7E¥���•"©���Ô��*ü, X QSS,���Ø

)Ú�û�#�ÂKÂNl, X WKB E¥��,���J�Ÿ4¡E¥�ó	¥�),XG¡?U4§�p.��

3.2.1����������0i�7�Ÿ�™F��r

���n �\�ã,���í�YF¼	¬G£ ,XE@/Ï)[���Ú�û,���S�k �¿EóCÇC—,X	à�Ê,X	¬�ê�\�ã.��E­�þ4§�p><

�â,��2Ï4³�!�b(Š�Õ ,X�V)[�¿Eó�
�/�b .��E­�Ô�_�r�é�Î� Z QSS �•"©,X
Î���ñ�Ç,��	G,���V)[�š�z

	Ã�¹E¥���Ú?·��4­�n ,X(Š�Õ ,X�G0��Ú�× �â ,XE•L��Ú�×,X�,/Ã��(Bressloff��&��Newby

2014).���K�'�9AÈ,����A’�V)[�š�z��

�·�9�‚� Ú CK �•/ß��(15)����,���J�ý*ü���|"©�k�� ,X$è�ê$µC‡, X FPK �•/ß

�J��$Ö/Ï2Ï�D
`�=�72Ï�D�Ú�ÿ��

��$µC‡�5�Ê ,���è���•/ ß (28) ,X���Ô?·

"¼�ã�üE­G 	¾�±+-� Z FPK �•/ß��(26)��,X$Ö/Ï�â�=�7,X�Ô�"L
NM.���Ñ�D ></�E¥��,X�=�7

E›/ß,X�V)[�š�z�Ñ�D.��+�!8	Ã�¹�ý*ü�=�7E›/ß��(26)��E¥��	s��,XLc��#Ë	Ü2Ï4³,���¢5à�S2Ï4³1T�ê.

�rL��Þ,��QSS �=�7E¥���•"©,X�ì�“��?U�ü�b�`4È�™�‰�ß6Ñ�ó�)�����á�|&•L�E¥,XP¬�ƒ
_#|

:�.���K�'�9AÈ,��5×�³�G
�
��•/ß�Ø�b�yE¥CY��+  Hopf �Ú�h&•,X�™�‰,��2Ï4³�,�ü�Ô�þ0��n,X&ú&•,
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Î�b�û�#�Â)ÚAŽM2P¬�ƒLc���|�o2Ï4³/•�Î> ��-è0J 89



L™	Ã!¨-½L	�K�Ý�Ô�Í�á�EEA(M�U��.��!8�Ê.B�n�û#�><)„���V�Õ��95�õ�ã,��>D�£)[��(M�U���rF¼.

5à�'�,�ü�Î�Ý�>�Ä�Ê,��	G�Í�bLc��#Ë	Ü2Ï4³,���V�Õ��95E@�ê��KS�ó,X�û������95,���Í�h,X�s)[B�

�Î)„�Ô�þ�Ä��,��/Ä���³)ƒ��(quasi-cycle)��)„B5.��EîE › QSS �•"©Au1k�ÎE¥��, X It�{Lc���‚�Ú�•/ß,���ü�á

�|&•�Ø4“�û�ê	â4£E › Fourier 	¬�6	Ã�¹�k��2Ï4³,X�s)[B�.��E¥��4§�p�k��,X�s)[B��î�Î)„�Ô�þ�Ä

��,���â	sLc��#Ë	Ü2Ï4³,X�õ�³4§�p,Ì�'
�	Ü��(Bressloff��2010,��2017;��Brooks��&��Bressloff��2015).���´!8,

QSS �•"©�Í�b�³)ƒ)„B5,X�Ú�d�K�Ý��:+,X�ì�“.

�¹	)Lš5xLc��#Ë	Ü/24£5%4°�õ
_��(Li��&��Liu��2019)�����_,��A|A Ž QSS �=�7E¥���•"©,X�h*ü.���Í�b

!8�õ
_,��E²4Á	¬G£ �·><��,X0U?º+	#�,��/•�7,X�YF¼	¬G£ ></�%”#�,X/24£���þ�D.�� ,X$è�ê�á

�¢�Ô�þE@/Ï)[�� ,X	)!9CÇC — Markov E›/ß

�J�� ,�� .�� � � Sigmoid %”#�)[,���n����

�J�� ,�� 
` �Ú�ÿ��Eó)[���D,���r,ž
`KÜ��.��0U?º+	#� $µC‡�Ú!‰.B�n�•/ß

�í2Ï4³,X�V)[�š�z $µC‡, X CK �•/ß�6�ã��

�J��,X-½L	 $µC‡

EîE›Au1k,���G0��Ú�× $µC‡	–�D�� ,X"ž�R�Ú�×,���í	Ã�k���G
�
��•/ß

�G
�
��•/ß�G�b	–�D ,X�Ú�h�Ò�V� * 1 ��/�,�� �Ê,���,�ü�ø�þ0��n�á�|&• ,�� 
`�Ô�þ�á0��n

�á�|&• .

�ý* ü QSS �•"©,��	Ã�¹�k��!8�õ
_,XE¥� � It�{Lc���‚�Ú�•/ß

�J�� ���Ô�þP¬�ƒ,Q�>�Ä,��$Ö/Ï2Ï�D ��+��ã��(34)���n��,X�G
�
��•/ß,X	åG£
�,���=�72Ï�D$µC‡

.

8¹?U5×�³2Ï4³,X/•�Î)„B5,���í �
 �B�Ž�À�� 's-¹,X�=�7E›/ß,X�û�#�Â)ÚAŽ,X4§�p,���ç�k�³�“

$µC‡
œ�šNSL™	Ã!¨�•/ß��(�"� @ 2021)

�
�B4£�L�o�:,X4§�p,��E­�þ�•/ß	Ã�¹"“-��ßM6,X	–�D�êE<F'E¯> /Ã�Ú"�?·
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�_�r�Þ,���Í�b!8�Ô4È�õ
_,���³�“	Ã�¹,È�yEîE›�ã��(36)��"�?·�k��

�' '
,��	âM6�î,ß��,���=�7E¥��	â,X�û�#�Â4§�p,Ì�Í�b	s#Ë	Ü2Ï4³,���üE°/•�á�|&•�Ø�î�Î)„EW�û,X

AÃ�Â.
��

3.2.2��������WKB F��r

�V�!�[��EÄ,����1u�=�7E¥���ü�)���á�|&•F•
³�Y,XP¬�ƒ
_#|:�1���F¼�ûBü�Ê�K�Ý0U�Î,X�ì

C^�û,��'
5à,���'5×�³/•�ÎKÂNl1��<��)„B5�Ê�î�Î)„�á	Ã�y	«,XAÃ�Â.��!8�Ê,��,È�y�Í	sLc��#Ë	Ü2Ï4³

�h* ü WKB E¥���•"©��	��Ú�™?U,X.

�Ô8�
�,����A ’ CK �•/ß��(15)��,X�G0��V)[�š�z$µC‡�ßM6, X WKB �6�ã

�J�� ���³�“,�� ��4­�n ,X(Š�Õ ,X�5�Ê�Ú�×.�� ,X����?U	ª�‡�b�Û�DNM,�� ���!�´�$

�Ñ�D,��+� ,X�ÈP¬L
,XU$ õ�•/ß�‡�n,��E­G �á�.A|AŽ.���Ú�•/ß��(39)���·� 9 CK �•/ß,X�ÊU$(����J	Ü�J

,X�Ô�"L
NM�k��

�J-½L	�6�ã��

��

��

�*����

�Ÿ�s�f�å/7�Ÿ�º �ú�•/_�-�\�ø/_�-+°�2�À�*.�� �",���„�T�P�V/_�Æ�9�Ô%å ,�� 	¸�,�V�9/_
�Æ�9�Ô%å

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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�ë��
<-¹,���ü���>�Ä�UL$�ß,���=�7E›/ß�Í�h,X�³�“$µC‡
œ�šNSL™	Ã!¨�•/ß.��2O��
�,��Bressloff


 ` Newby��(2014)��A•�â�ZLc��#Ë	Ü2Ï4³,X�³�“$µC‡�ßM6,X
œ�šNSL™	Ã!¨�•/ß

�J��,�� ��-½L	 ,X��(M�U��,��/Ä� � Perron (M�U��.���W���r,X	)(M�U��,���J�è�û�b���Ý�-�ß,X(M�U

��,X�rF¼.��Perron-Frobenius �n)Ú�±A•�Z�W�Í�h,X(M�U	åG£���ù��!7,X.���´!8,���Ô�ì/•�ÎCÃ�X$µC‡

EY�}
œ�šNS2Ï4³

"“-�E­�o�U��CÃ�X,���³�“,X$è�ê$µC‡

	Ã�¹,ß�Î,��Lc��#Ë	Ü2Ï4³,X
œ�šNSG£�Ô8�"u�Ý?·�d><E’�ã,���´���W���Ô�þ0ú	Ë-½L	,X��(M�U

��.��E­!7��Lc��#Ë	Ü2Ï4³�á���û,X�
$d���ü.���´!8,��*üLc���‚�Ú�•/ßF�E¥Lc��#Ë	Ü2Ï4³, X QSS 1�

�•"©����/��Î�W�À,XG¡?U�ã��.

�_ �r �Þ ,�� +� �• /ß �� (41)�� ,X ?· �‡ �n ,X 
œ �š NS G£ ,X EÝ �½ �J �á �� �Ô .�� �_ �V ,�� �W �3 	Ã �¹ �n �� ��

��(Newby��2014b).����1uE­�þ�n���Ý�Ô�n,X�ì�“,��	G
œ�šNSG£��6Ñ�m�Î?·�d><E’�ã,

���W�Ý�Ô�þ5�&•,��	GE­���n��,X
œ�šNSG£�á���|G£ ,X�Ì�Ñ�D,��5à�Ì�Ñ�D�ûBü���Ø)Ú�ÈP¬4ÈKÂNl

,X�´�)�Ô�ã�0*üG£�•"©��(Heymann��&��Vanden-Eijnden��2008)�Ã�Ý�cEÚN¢"©��(Cameron��2012)��1��D��

�• "©��LÔ,X��Bü(M�û.����1u�V!8,��	Ã�¹A• �â 
` �K�Ý,Ì 	à,X�U��CÃ�X,��	¾�� �ÊKÈ	–�D�ê�á	à

(Newby��2014b).���Ô8�
�,���Ú2Ï4³,X
œ�šNSG£	ª� � Perron (M�U��.

�Þ�Ô�$8V,XLc��#Ë	Ü/24£5%4°�õ
_���å�Ý,X6Ñ�ó?·�dAu1k�Î
œ�šNSG£,X�_�$.���h* ü WKB

E¥�� �• "©,��EîE› �Ú ��A’ � ä Poisson �Ú�× ,X �6 �ã ,���
 �B �• /ß ��(41),��	Ã �| �Ð �Î 
œ�šNSG£��(Li��&

Liu��2019)

�Ô�ì/•�ÎCÃ�X
`�³�“	Ã�¹EîE›/Ã�Ú�Í�h,X���‚�Ú�•/ß4˜��(43)��
`��(44)���k��.

�
 �B�ã��(45),��LÊ��
œ�šNSG£�Ú�ÿ�Ð�Î�ø�5LÊ6ÑG£E<F',��	G�Í�h�b ,X�ïB?E<F'
`�Í �h�b

,X#��êE<F',���V� * 2 ��/�.���•�ç,ß�Î,��!£�5�Ô�ìCÃ�XFÑ��E²�y�á�|&•
`Ma&•,X�Ö

�“E<.���V�p ,��	Ã�¹	¥)„EY�}
œ�šNS2Ï4³��(43)��4z�ê���G
�
��•/ß,���´!82Ï4³�ü�ïB?E<F'�ÞE¤�|

�áLÔ?U6ÑG£.��E­><�â�|G£�rL��Þ�zG£�Z�Ô�ìCÃ�X
`.B�n�ûCÃ�X��KÈ,XC±/•.���´!8,��2O���b�=�7E›

/ß,���|G£ ,X��	Ã�¹,ß�ä��	¡�ô�>�Ä�E
¡,X�Û/��<.��'
5à,��2Ï4³�ü#��êE<F'�Þ,XE¤�|LÔ?U���á0��n

�á�|&•,X
��é�û,��6ÑG£�''
��LÔ?U,X,���û�ã��

�V�!��EÄ,��8¹5×<%�>�ÄAÅ�Ð,X/•�Î)„B5,���íLc��#Ë	Ü2Ï4³�â�J�=�7E¥��,X4§�p,Ì!¨�Ý��:+,X

�#�Â,���V� * 3(a) ��/�,X�³�“.���Í�b�n0��ÕKÂNl,��E­/¡�#�Â	G�S�\�ã,���3�î�Ð7 È QSS �•"©,X����.���J
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	s�´�� ,���³ �“ �Î)„� ü MFPT ,X�Û�DNM��,���´!8�³�“,X�‚ �ã�Â�Ö�Ú�Ð7 È MFPT ,XEW�ûAÃ�Â.��EîE›

Monte��Carlo �õ�³��(Li��&��Liu��2019),��J\�Í�á	à,X�>�Ä���z,��Au1k�Î�¢	ÇE•�á�|&•0SE›Ma&•, X MFPT,

�V� * 3(b) ��/�.���ý* ü MFPT ,X�Í�D�â�³�“�Ã�>�Ä���z,X�æ�D�ä!7!¨,X�_�r,��	Ã�¹�\�•�ç
��k��

MFPT ,X�Í�D�â�>�Ä���z�æ�D,X�Ñ�D�G2Ï.���ü� * 3(b) ��,���³	Ü,È4“,X�p)[�·><�Z�³�“,X�û�ã,��4z

� � 0.097��8,��E­�â	s2Ï4³, X WKB E¥��4§� p 0.0964 �Ô7È,��5à� â QSS 4­�Î,X4§�p�Ý�\�û�Â�Ö.

Li��&��Liu�� (2019)��4­ �Î � Z QSS �• "© �� �� ,X 	s �´ .��Eî E› �Í !¨ �= �7 E¥ �� �! 	â ,X �ø �þ 
œ �š NS G£


` ,���•�ç	¥)„ �D�Q

�� �G�b�|G£ ,X�`L
E¥��.���´!8,���ü�á�|&•�êMa&•F•
³�Y,�� 
` ,���¹	ž�W�À�Í�h

,X/•�ÎE<F',��
� 	Ü
��\ �Q.���ü� * 2 ��,���|G£ �G�b
$�Û ,X�Æ4“,X�p)[�·><�³�“,X�`L
�Ð�D.��
Î �b

!8,��	Ã�¹	¥)„,���ü�á�|&•F•
³,���Ý� � FPK 
`	s2Ï4³,X4§�p�´�" ��G¡	Ü,X.��E­�Ô(M!^�_�r�ã
G-�,

QSS �!	âAu1k,X�³�“�G�b ,X�`L
�¹�Y���Ô7È,X.��'
5à,���ü,Ì0NKÈ,X�J�ª	�
³,��+��b�|G£�\�û,��
œ

�šNSG£,X�`L
E¥�����á�ó2’.B,X.���_�r�Þ,��!7��E°/•�á�|&•�Ø,XEW�û,X�|G£�|�|2Ï4³���á�Z�á�|

&•,X
��é�o,���S/Ô�Ý,X/•�Î�_�Ê�k�¹�r)„.��E­��� � QSS ����,X	s�´.�����k"¼�ã,X��,��FPK �•/ß,X

?·���¤�o,X
œ�šNSG£�™'
���|G£ ,X�` õ�Ñ�D,��5à-½L	 , X Perron (M�U���Ô8��á�î!7�Q��E­/¡�6

�ã.��HH�b!8,���'5×<%/•�Î�_�Ê�Ê,���=�7E¥��,X������7¾'
,X.
��

3.2.3��������4ü8*�©>—�—�,

4š7È�G>5��(detailed��balance)��	s�� (=)Ú�: �� ,X�Ô�þ�V�É,��+ � van��Kampen��(1957)�ÃGraham 
`

Haken��(1971)��(À0Ÿ
��h*ü� b FPK �•/ß.��2k+9
�AÈ,���Ô�þP@�è	Ã�ÿE›/ß,���V�p�ü�G0��™�6�ß,��!£�Ô

�þ	Ã6Ñ,X(Š�ÕE@/ÏFÑ�â�JEÚE@/Ï�G>5,��Fw�W���Ø�b4š7È�G>5.��4š7È�G>5)„B5�â�û�#�ÂKÂNl�K�Ý�š

�Û6(2Ï,��8¹2Ï4³�Ø�b4š7È�G>5,���í�¢0��Õ#|:����¤�Ô&•,X�Ô�ì/•�ÎCÃ�X�âA¹&•�ü�´�>�Ä�™�‰�ß�ï

B?��0��Õ,X.B�n�ûE<EÍ�`�<G¡	Ü,��	¾LÔ�Ú�ÊKÈ	¡	å.���´!8,��/•�ÎCÃ�X�X�ä,X�•���ë�¹#��6,X���Ö

�û�3�á�î�Î)„,��KÂNl�k���Z�U�û
�1T�ê.

��

��

�*����

	ô�òM«2'4�+°,$�*	¸.ç�&C��°.��1µ7ž	¸�Ú:	��3ë�2�W��=”�ú �\ 	¸ �\ +°.ç�&C��°.��4+7ž	¸
��7ž;†3ë=”.f�•�•Dý�h+°.ç�&C��°
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= ” 1 ���ë�Î�Z�´/¡�L
_Lc��E›/ß,X4š7È�G>5�5�Ê.���ë��
<-¹,���Í�b�t�ûP¬�ƒ�>�Ä,X�K�Ý�“�Ñ

�D,XLc���‚�Ú�•/ß,��4š7È�G>57¾�|�ä0Ÿ.���Í�b�J�ª�™�‰,�����!/Ÿ��(1992)��4­�Î�Z�=�7E›/ß�Ø�b4š7È

�G>5�Ê$Ö/Ï
`�=�72Ï�DLÔ?U$µC‡,X�5�Ê,���J�¹!8	Ã�k��2Ï4³,X�G0��“,���¢5à6Ñ�ó"�?·�G0 � FPK

�•/ß.���Í�b�Ô8�,XU$ õ Markov E›/ß,���ü$µC‡8¹�F��A’�ß,��Gardiner��(1985)���|�Ð�Z!82OE›/ß�‚�Ú�6

�ã , X CK �• /ß ,�� �J �ý *ü �J 2Ï �D �Ð �Î �Z !8 E› /ß $µ C‡ 4š 7È �G >5 ,X �� ?U �5 �Ê .�� 
Î �b !8 ,��Dykman

1���(1994)��A•�â�ZCÇC — Markov E›/ß,X4š7È�G>5�5�Ê�� .

����
>ž��1����������0��®
ÁLÅ�pEý0A,º4ü8*�©>—�—�,

Lc��E›/ß 4š7È�G>5�5�Ê �[)�

�=�7E›/ß

�t�ûP¬�ƒ �Ã
�Ý�“2Ï4³

$µC‡4š7È�G>5

���!/Ÿ ��(1992)

�Ô8��™�‰
( ��$Ö/Ï2Ï�D ,�� ���=�7-½L	 ,�� ���G0��V)[�Ú�× ,��

�qC*�b	¬G£���J�û )

CÇC—Markov E›/ß
( ��E@/Ï)[ ,�� ���G0��V)[ )

Dykman ��1� ��(1994)

Lc��#Ë	Ü2Ï4³ �á$µC‡4š7È�G>5 Li ��
` ��Liu ��(2019)

��
�Í�bLc��#Ë	Ü2Ï4³,��Li 
 ` Liu��(2019)��A•�â�Z!82OE›/ß�™'
�á$µC‡4š7È�G>5.���D�:�Þ,��Gardiner

(1985)���|�Ð,XU$ õ Markov E›/ß�Ø�b4š7È�G>5,X��?U�5�Ê�üLc��#Ë	Ü2Ï4³,X�™�‰�ß4z�ê��

�
�B1��Ô�þ�•/ß,���k�� .���,�ü�ø/¡	Ã6Ñ:���Ô�•M6,��8¹ �â �´�G,���í	Ã?·�Î(Š�Õ ��

��

��

�*����

(a)���•�•Dý�h	¸�Ë�÷2'4�+°���ë�%!�,��(b)���Ÿ�s.ç�&�"K +°�%�œ	¸�–���f�Ò+°�>�œ�wK +°�Ÿ2'
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�¤�þ���D,��	G(Š�Õ �á�,�üE@/Ï,��!8�Ê/•�7	¬G£�Æ�á�a��Lc��,X,��E­�Ê2Ï4³�Æ�á�a��Lc��#Ë	Ü2Ï

4³.��	º �Ô�•M6,��8¹ �â ,Ì �G,���í 	Ã�k�� ,���ã
G-��Ô�þE²4Á	¬G£1��b�Ô�þ/•�7	¬G£.����

'
,��E­�þ�_�Ê�V)[��LÊ.��4Ð�Þ,��Lc��#Ë	Ü2Ï4³�™'
�á$µC‡4š7È�G>5.

�!M6,X?·Gž��+� �D �:AÁ?Ô4­ �Î ,X ,��'
5à �â �� �!6Ñ,È?–
� )Ú?·E­ /¡ �� (M,X)„B5
6?���V � * 4

�� /� ,����A’2Ï4³�ü�Ê�� CÇ��(Š�Õ ,��'
 	â�W�î�ü(Š�Õ �Þ�0+-�Ô�þ!7Lc�� �ÊKÈ ��( ,X�V)[��

LÊ),��'
 	â�W�ÚCÇ��	º�Ô�þ(Š�Õ.���üE­�þ�ÊKÈKÈLh�Y,��2Ï4³"“-�+� �n��,X.B�nE<EÍ/Ï�|.

��A’2Ï4³CK�Ÿ�b ,���ü���Ú�ã,X�ÊKÈ	�KÈ �Y,��2Ï4³�¢(Š�Õ CÇC—���J�ª(Š�Õ,X�V)[�� ,��+-

�ü(Š�Õ ,X�V)[�� .���´!8,��8¹ �á1��bLÊ,���íE@/Ï�V)[

'
5à,��8¹2Ï4³CK�Ÿ�b(Š�Õ ,���ü �±�Õ�á	¬,X�™�‰�ß,��2Ï4³�ü �ÊKÈ��	â�á	Ã6Ñ��E’(Š

�Õ ,��E­���´�� ��.B�n�û�•/ß,��5à,ÌE<EÍ�á	Ã6Ñ�â7¾D•,Ì�x.���´!8,�� �™NO�ü �ÊKÈ	�

KÈ�YCÇC—�D õ�!6Ñ�‰E’(Š�Õ .��HH�bLc��E<F'2’.B��E’�¤�Ô&•,X�V)[�™'
��LÊ,���´!8E@/Ï�V)[

�b��,��!7	å�â	¡	å,XE¤�|�V)[�á	Ã6Ñ,Ì1�,��L8M2 .��E­�â�!M6,X�Ú�d�Ô7È,��	G�Í�bLc��#Ë	Ü

2Ï4³,���ÊKÈ�á	ÃEÚ�û�����,�ü,X.��

4���������=�¦E±D)CùEý0A.J0¬F��‹

�0��P¬�ƒ,Q�>�Ä,X�|�S,��L�pvy �>�Ä��	º�Ô/¡E¥�H�9�Û	«�G"¼,XLc��E›/ß.��2O���bP¬�ƒ,Q�>

�Ä,��L�pvy �>�Ä	Ã�¹,ß�0� � L�pvy E›/ß,X�6�ã�Ð�D.���×�ëE¤�|���K�Ý�G0�(À0Ÿ�rG£�û
`�V) [ 1 E²4Á

����CÃ�X,XP¬�ƒE›/ß,��5 à L�pvy E›/ß	•�]�ZP¬�ƒ�Ú�×,X?U"�,���J�Ú�V) [ 1 E²4ÁEÔ�ê7ÇLc��E²4Á.��+�

!8,��L�pvy E›/ß	 ž L�pvy �>�ÄPE�|,XLc���‚�Ú�•/ß,X?·�Ô8����áE²4Á,X,��*î7ÇCÇC—&•	Ã6Ñ��/ô�š,X

(Duan��2015).��E­�Ô�•M6�S�k!82OKÂNl,X�Ø)Ú	¬�k,Ì�'�ÄL’,����	º�Ô�•M6�ü-è0J
�)×!è�í, X tipping

)„B5��(Serdukova��et��al.��2017,��Zheng��et��al.��2020)�Ã
Î�´E@�)E›/ß��,X0U	¬��(Cheng��et��al.��2019,��Chen

X��et��al.��2019)���â6u/<�Ö
�,X�³0å(Š"¶����(implied��volatility��smile)�´��(Poirot��&��Tankov��2006)��1�)„B5

�Ê,���Ž�À	¥) „ L�pvy E›/ß�È�t0ú	Ü�rL��õ
_.

�K�'�9AÈ,���¸ �� �Þ, X L�pvy E¤�|,���n��CÇC—E›/ß ��

��

��

�*����

3ò7 �Ÿ=•�•�"�2�¼.f�;�*
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�J�� �� �ü �Ê��,X�º�UL$.���Í�b�Ô� þ Borel Lš 
` ,���n�� �ÊKÈ	�KÈ�YCÇ

C—���z:��ü �Y,X õ�D��

�J�� ������CÃ�X.

�n���Ô�þ�ü �Þ, X Borel #��z ��

/Ä� � Poisson Lc��#��z,���êCÇC—#��z��(jump��measure).��E¯�Ô!9,���n��>9� S Poisson Lc��#��z��

�í�Í�Ï�ã ,��L�pvy E¤�| �K�Ý�V� ß L�pvy-It�{�Ú?·��(Duan��2015)

�J�� ,�� ���K�Ý�¤�þ	#�•�Â-½L	 ,X 4È�×�ëE¤�|.���D� + 1 �Ú�ûCÇC—�â�ãCÇC—�Ú�Ô,���rL��Þ

	Ã�¹*ü�Ï�)!7�D�Ó�·.�� /Ä� � L�pvy E¤�|,X*ó�ä�Ý��4˜��(generating��triplet).

�
� B L�pvy-Khintchine �@�ã��(Duan��2015),��L�pvy E¤�|,X(M�U�Ñ�D��

�J�� ��/��û�Ñ�D.��L�pvy E¤�|,X�´L$�ã*ó�ä����

�J�� ���Ñ�D, X Hessian -½L	,�� ></�-½L		ªEÍ.���rL��Þ,���Í�b	 « L�pvy �>�Ä%”�…,XLc���|�o2Ï4³,

�ã��(54)����,X�!�øNM	Ã�¹�Ú�ÿ�J�9$Ö/Ï�â�=�7NM��.���´!8,���Ž�ÀEî��5×<%4ƒCÇ, X L�pvy E¤�| .

�G� b L�pvy E¤�| 	ž �K� Ý L�pvy �>�Ä,XLc�� �‚ �Ú�• /ß,X�È�î �ûBü,��?• �[ )� ��(Duan��2015,��Applebaum

2009).

�ü$µC‡�¤�o���n�ß,��Freidlin 
 ` Wentzell��(2012)��A•�â� Z L�pvy �>�Ä
`P¬�ƒ,Q�>�ÄPE�|,XLc��

�‚�Ú�•/ß$µC‡�û�#�Â)ÚAŽ,���JLd�ã,X4­�Î�Z�J�0*üG£"¯�Ñ.��'
5à,��E­�o�5�Ê�\L’P`A•.����!8,��Lipster


 ` Puhalskii��(1992)���ý *üLc �� �‚ �Ú �• /ß ,X2Ï �D4­ �Î �ZE­ �o �� �n ,XF¼�Ú�� �Ú �5 �Ê .��Budhiraja 1�

(2011)���Í�K� Ý L�pvy �>�Ä,XLc��2Ï4³�Î0Ÿ� Z Poisson Lc��#��z,X"¯�Ñ,X	¬�Ú�@�ã,���J�è�|�Ð�Z	º

�Ô�þ$µC‡�û�#�Â	s)Ú,X���Ú�5�Ê.��Lc	â,���ª�À�ä�s
��ÚE­�Ô-è0J4§�p�h*ü�b$µC‡	ÜEÖ�5�Ê,X�ÝL$

4È��(Budhiraja��et��al.��2013)��
`�´L$4È��(Budhiraja��&��Fischer��2012)��Lc���|�o2Ï4³,X-è0J����.���Í�b�Ô

4È�ƒ�z2Ï4³,��Imkeller 1���(2009)��-è0J�Z�Û�DEOCÇC—E›/ß��(exponentially��light��jump��process)���D�|,X

Oj õ/•�Î�ÊKÈKÂNl.

�Û�DEOCÇC—E›/ß���Ô2O(M!^, X L�pvy E›/ß,���JCÇC—#��z$µC‡ .��5×<%Lc���| �o

2Ï4³

96 �o�Â�Â�Â�:�Â�Â�ÂE¯�Â�Â�Â�) ������� ��H������1� ��������	K



�J�� ,�� ���Û�DEOCÇC—E›/ß.���' �Ê,��	Ã�¹A•�âLc��2Ï4³��(57)��,X?·�á�¢�û�#�Â	s)Ú.

5à�' �Ê,���û�#�Â	s)Ú�á�a�ä0Ÿ,��	ª5à�·��,X4§AŽ��:��4£���z�ê��	â,X2Ï4³$µC‡�³���z�#�Â

	s)Ú��(moderate��deviation��principle)�´.���J
Î���ñ�Ç��,���Ú�û�#�Â)ÚAŽ,X�V)[��Au�ã��(3)����,X�Û�DNM

�Ó�6�� ,���J��,�� �Ê,�� �è .����8VJ\�Í�ã��(57)��,XLc��

�‚�Ú�•/ß,���Ÿ4¡�û�#�Â	s)Ú
`���z�#�Â	s)Ú,X-è0JE¯�).��

4.1���������]�…�$	Õ*<

�� �Z1T �ê ,��5×<%�Ô4È,X�™�‰.���' �Ê ,��Lc ��2Ï4³ ��(57)��,X?· �á �¢ �û �# �Â 	s )Ú ��(de��Oliveira

Gomes��2018,��Yuan��&��Duan��2019)

�J�0*üG£"¯�Ñ��

�Í�Ï�ã,X ,���n���³�“����(de��Oliveira��Gomes��2018)

�Ô8�
�,��8¹CK�Ÿ&• ��2Ï4³,X�á�|&•,���í�³�“1TA„�� .��8¹ ���Ù	ÿ�á�|&•,X�Y/•�Î	�
³,��A„


`Oj õ/•�Î�ÊKÈ

�í�Í�Ï�ã,X 
` ,���Ý��(de��Oliveira��Gomes��2018)

'
5à,���0*üG£"¯�Ñ��(59)��,X�6�ã�J�áEÖ	Ü�Ô�ì/•�ÎCÃ�X,XAu1k.��Yuan��
`��Duan��(2019)��4­�Î�Z1��Ë

,X	º�Ô/¡�6�ã,X�0*üG£"¯�Ñ

'
5à,���á	à�bP¬�ƒ�>�Ä,X�™�‰,���ã��,X�•���ë�¹G£�á6Ñ���ã?·�d
�><E’.���LE¤,X��,���Í�h,X
œ

�šNSG£,��	G�•���ë�¹G£, X Legendre 	¬�6,���K�Ý�ßM6,X?·�d><E’�ã

E­G ,�� ���|G£.��/Ã�ÚNM �rL��Þ��LÊ,���´��#��z �G�b ���Í/Ä,X.


Î�b!8,��Li 1���(2020a)���|�S�ZP¬�ƒ�™�‰�ß,XAu1k�Ô�ìCÃ�X
`�³�“,X
œ�šNS�6�ã��(Hamiltonian

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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formalism)���h*ü�b!82O2Ï4³.���V�!��EÄ,���0*üG£"¯�Ñ�rL��Þ��G!-�E<EÍ�r)„,X	Ã6Ñ�û,���J�<���Ô

�ã���Í�h�b�V)[�Ô�û,XCÃ�X.���b��,��EîE›�0*üG£"¯�Ñ	¬�Ú�k��,XEY�}
œ�šNS2Ï4³,X?·�¤�o�Z�Ô�ì

/•�ÎCÃ�X

�b��,��E­�þ
œ�šNS2Ï4³,X/Ã�Ú?· ��
$�Û0NKÈ,X�i�E �¤�o�Z�Ô�ì/•�ÎCÃ�X.

�¢�ã��(64)����"¼�ã�� ,���í ��( ��.B�n�û2Ï4³,X0��n�á�|&•).��+��bE­���ø

�þ�_�r,��	G�Ô�ìCÃ�XE²�y�á�|&•�è
œ�šNSG£�üE²4Á,X,ÌE²E<F'�Þ�����D,���´!8�ü�H�þ�Ô�ìCÃ�X�Þ

.�� "¼ �ã �� CK �Ÿ �b ,X �Ô �ì CÃ �X �ü �Ê ,�� �
 �B �ã �� (60)�Ã � ã (63)�� 	 ž Le-

gendre 	¬�6,��	Ã�¹�k��,���ü�Ô�ìCÃ�X�Þ

�ê1��Ë
�

"¼�ã,���•/ß��(65)��
`��(67)���X�ä�Ô4˜Au1k/•�ÎCÃ�X
`�³�“,X�`�Û�‚�Ú�í/Ã�Ú�•/ß4˜.��'
5à,���¡'


LÔ?U�ñ�Ÿ�5�Ê�9E¯> �D��/Ã�Ú.���¢)ÚAŽ�ÞA†,���'�ñ�Ÿ�ÊKÈC_�bBó�´0K�Ê,���Ô�ìCÃ�X�hA¹CK�Ÿ�b�á

�|&•,��5à�ü�rL���E­���á	Ã6Ñ,X.���b��,���ñ�Ÿ&•�hEÝ�ü�=�),Ì0NKÈ,X�á�|&•,X�á0��n#��6�Þ,���J�y

E¥�á�|&•.���´!8,��LÔ?U�ü�á�|&•L�E¥E¯> ��F¼4“�û�ê.���Ú A„���•/ß��(65)��,XL™	Ã!¨-½L	

	Ã �¹ ,ß �� �Ý �ø �þ (M �U �� ,�� .�� �Í �h �b (M �U �� ,X �á �| &• ,X �á 0� �n (M �U 	å G£ ��

.���´!8,���Ô�ìCÃ�X,X�ñ�Ÿ�5�Ê	Ã�¹EÝ��

�J�� ���Ô�þ�ã	–�D.

Li��1���(2020a)��4­�Î�Z2O��P¬4È�™�‰�ß�K�Ý�Û�DEOCÇC—�>�Ä,XLc���|�o2Ï4³,X
œ�šNS�6�ã,���¹

6ÑG£�G>5�õ
_
 ` Maier-Stein 2Ï4³���_,���D��Au1k�Z2Ï4³,X�Ô�ì/•�ÎCÃ�X
`�³�“.��-è0J	¥)„,���ü�Ô

4È�™�‰�ß,���³�“,X�6(Š�â�“�Ñ�D�`�<,Ì	à,��><�âE­/¡�>�Ä�n�û2O���bP¬�ƒ�>�Ä.��-è0J4§�p	à�Ê4­

�Î�Z�³�“�âCÇC—#��z,X	–�D��KÈ,X?·�dE¥���G2Ï,���J�Ú�d�ZCÇC—#��z�Í�Ô�ì/•�ÎCÃ�X,X�E
¡.���ü

P¬4È�™�‰�ß,��	¥)„�ZCÇC—#��zAÅ�Ð,X�•���ë�¹#��6,X���Ö�û.��

4.2���������c�Ü�…�$	Õ*<

���z�#�Â	s)Ú�â�û�#�Â	s)Ú,X�6�ã��2O��,X,��	¾���Û�D>D�£)[,XL
�D�È�"�Ô�o.���Ô8�
�,����

�z�#�Â	s)Ú�Î0Ÿ�ZLc��E›/ß 0SE›4­�n�Ñ�D ,X�ãF•
³,X�V)[��Au�ã
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�J��,�� ���0*üG£"¯�Ñ,�� �Ê,�� �è ,���´!8L
�D �"�b�û�#�Â	s)Ú,X .

+��b)ÚAŽ�Þ,XL’�z,��,Â�!�G�b���z�#�Â	s)Ú,X-è0JE¬,Ì�ÍEW�å.��Hu 
 ` Shi��(2004)���Í�Ô2O�K�Ý

���³�×�ë�“�´,X�=�7E›/ß�Î0Ÿ�ZKS�Ê> ��,X���z�#�Â��Au.��Budhiraja 1���(2012,��2013)���Í$µC‡���Ú�5

�Ê ,X �ÝL$4È
` �´L$4 È L�pvy 
_Lc ��2Ï4³ �Î0Ÿ�Z �� �z �# �Â 	s )Ú.���ü !8 
Î .� �Þ ,��de��Oliveira��Gomes

(2018)��A•�â�Z �Ê,X�Û�DEOCÇC—E›/ß$µC‡���z�#�Â	s)Ú,���J��Au�Z�G
�/•�Î�ÊKÈ,X�û�ã.

�' �Ê,��	Ã�¹A•�â�•/ß��(57)��,X?·�á�¢Eó)[�� ,X���z�#�Â	s)Ú,��	G ,���J

�0*üG£"¯�Ñ��

�J�� �� �Í �h.B�n�û�•/ß,X?·.��8¹&• 
` �á�ü	à�Ô�5.B�n�ûE<4“�Þ,���í �³�“ �™'
�� �´0K.

��'
,��E­/¡�0*üG£"¯�Ñ
`�³�“,X4§�p�J"u�Ý�þ�û,X�h*ü�Ë��.

��!8,���n���Ô�þG¡�H�ê�#�ÂE›/ ß (renormalized��deviation��process)

	Ã�¹A•�â,��!8E›/ß	à���á�¢Eó)[�� ,X���z�#�Â	s)Ú��(de��Oliveira��Gomes��2018),���0*üG£"¯�Ñ��

2O��
�,���n���³�“��

!8 �Ê,X�³ �“ �ü �Ý+ 	� 
³ �Y�Ÿ4œ�� �Ý+ ,X.��2O�� 
� ,��8¹CK�Ÿ&• ��2Ï4³ ,X�á�|&• ,���í �³ �“1TA„��

.��8¹ ���Ù	ÿ�á�|&•,X�Y/•�Î	�
³,��A„ .

4­�n ,��5×�³/•�Î�ÊKÈ

�í�Í�Ï�ã,X 
` ,���Ý

�
�BE›/ß ,X�n��,��E­�þLc���ÊKÈ �rL��Þ�� �¢	�
³ ��,XOj õ/•�Î�ÊKÈ.��8¹5×�³

�þ	«�D2Ï4³,X�á�|&•,��	G ,���í���z�#�Â���G�—,XKÂNl,X��Bü�rL��Þ��2Ï4³�¢�á�|&•,X

L
�ãF•
³��,X/•�Î)„B5.��

5��������� . 0i� Ð L�pvy � �&.J0¬F��‹

M2P¬�ƒ0�� n L�pvy �>�Ä���Ô��?•,X�Ô/ ¡ L�pvy �>�Ä,���K�Ý�S"¯,X�rL��h*ü,���J	s�´��?U�Ý�ø

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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&• .���Ô �•M6,��0� �nLc �� 	¬G£ ,X�n �� �� :�� �� �Ô �þ �� �z �ê �c �ë ,X �q �Ú�× �UL$,���J ��

,�� ���Ô�ë(À0Ÿ	à�Ú�×,XLc��	¬G£�c�ë,�� ,�� ���¤�þ�r�c�ë,��E­G 

�J�á?U"� �K�Ý�ÝL$,X
����ê�•�Â��(Duan��2015).���3����AÈ,��0��nLc��	¬G£,Ì�'�bP¬�ƒLc��	¬

G£,X�|�S,���J�n��	Ã�¹,ß�ä���S��,X���—�UL$�n)Ú.��	º�Ô�•M6,���¹�ŸE@�Í/Ä 0�� n L�pvy E¤�|���_,

�JCÇC—#��z��

�J��,X���D��

�J� � Gamma �Ñ�D �n���� .���´L$�ã*ó�ä����

�J��,��	Ç0ÃNM)Ú?·���Ã?S����/Ã�Ú��(Cauchy��principal��value��integral).��
Î� b Fourier 	¬�6	¥)„,��E­�þ

/Ã�Ú1k�$��Bü�Þ���Ô�þ�Ú�DL
�•�B�•�ƒ1k�$.��E­�ø&•�S�k 0�� n L�pvy �>�Ä�á�™�K�Ý)ÚAŽ�Þ,X-è

0J�Ë��,���Í�rL�(=)Ú2Ï4³�3�ÝG¡?U,X�h*ü.

�_�V,��
Î�b,ó�r,X��LI�D�„8ƒ#�G£�D�B,��Ditlevsen��(1999)��	¥)„!è�í	¬�ê2Ï4³	Ã�¹�Î�õ���K�Ý

�×�ëE¤�|
` 0�� n L�pvy E›/ß,XLc���‚�Ú�•/ß.��Lc	 â Zheng 1���(2020)��	¥�)�Z�Ô�þ�V)[���Š�9-è0J

�ü#ý�x���h
`M2P¬� ƒ L�pvy �>�Ä�E	à�0*ü�ß,X6ÑG£�G>52Ï4³,X�Ô�û	Ã6Ñ!è�í	¬�ê.���Ô�o-è0J5Ù	¥

)„ �ü	Ã%”/24£�� �õ 
_�� 0� � n L�pvy �>�Ä6Ñ�óAÅ�ÐLc�� �E�� )„B5��(Patel��&��Kosko��2008,��Cognata

et��al.��2010).��!8�ê,��Liu 1���(2018)��-è0J�Z�K�Ý�V�Ê�!+•
 ` L�pvy CÇC—,X�ÊE³�y/ ¡ SIR #�> +™�õ
_,X

�Õ���û
`&A4±�û.��Guarcello 1���(2016)��EîE›�Ú+	#��#5B,XKS4z*3�ÿ�Â4§�Î�õ��	«��95
�PE�|�J	«

�êF¼M2P¬�ƒ�>�Ä�E
¡, X sine-Gordon �•/ß,���Í�J�|�o�:E¯> �Z�D��-è0J.��)ÚAŽ�Þ,���K�Ý�×�ëE¤�|
`

L�pvy E›/ß,XLc�� �‚ �Ú�•/ß	Ã�¹*ü�9�õ
_�ê�Ô�û2OG¡?U,XP@!ãE›/ß,��/Ä� � Feller E›/ß��(B�|ttcher

2010).

E­�o�¹�0><�â,���K�Ý 0�� n L�pvy �>�Ä,XLc���|�o2Ï4³���K�Ý#Å��/¥�:�ã��,X)„B5�:�õ
_.����

8VJ\�Í!82O2Ï4³,���Ÿ4¡/•�Î)„B5	ž�J,Ì�G�|�o�:> ��,X��?U�Ø)Ú�•"©
`E¥�ó-è0JE¯�).��

5.1���������©
}OÌ!W/ñ�0�,L*
Â/ñ�0�¸)½

5×<%�Ô4ÈLc���|�o2Ï4³

�J�� ���×�ëE¤�|,�� �� �Í/Ä 0�� n L�pvy E›/ß,��CÇC—#��z$µC‡ ,�� 
` �Ú

�ÿ���Í�h,X�>�Ä���z.���í2Ï4³,X*ó�ä����

�é?Ô���•/ß��(1)��
`��(2)���Ú�ÿ4­�Î�ZP¬�ƒ,Q�>�Ä�5�Ê�ß�G
�Oj õ/•�Î�ÊKÈ
`/•�Î�!5B�Ú�×$µ
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C‡,X(˜�ý��LËE•��KÂNl.���
� B Dynkin �@�ã,��J\�Í�6�V�ã��(80)��,X2Ï4³,���G
�/•�Î�ÊKÈ �¡$µC‡2O

��,X�•/ß��(Duan��2015)

	¾���J��,X1k�$�
��*ó�ä����(81),��E•+ �5�Ê+� ,XE•+ �Þ,X���
�ä ,X>9Lš �Þ,X��.

	º�Ô�•M6,��+�� b L�pvy E›/ß,XCÇC—(M�û,��/•�Î�!5B�Ú�×,X�V�É�Æ�á�aEÖ*ü,���´��2Ï4³/•�Î�Ê�þ

�™�âE•+ ,Ì�x.��	ª5à�·��,X��/•�Î�V)[��(escape��probability)��,X�V�É,��	G2Ï4³CK�Ÿ�b	�
³ ��,X ,

Oj õ/•�Î	�
³ �Ê:��ü ,X�¤�þ�$Lš �Y,X�V)[,��A„�� ,��$µC‡�ßM6,X�•/ß��(Duan��2015)

�
�B*ó�ä��,X�6�ã��(81),��	Ã�¹	¥)„�•/ß��(82)��
`��(83)�����‚�Ú�í/Ã�Ú�•/ß,���J�è/Ã�Ú1k�$�����Ö

/Ã�Ú,���´!8"�?·,XL’�zE°�û�b�™�ÝP¬�ƒ�>�Ä,X�™�‰.��+��b�á���ûEWP¬,��,Â�!�Ø)Ú!82OKÂNl,X?·�d

�•"©EW�å,��	¾�Ý�ü(M!^�™�‰�ß6ÑE¥��"�?·.���_�V ,�� ���ãG£,��	G�´P¬�ƒ�>�Ä� è L�pvy �>�ÄEW��,

!8�Ê
Î�b 0�� n L�pvy �>�Ä��F¼,X�îNM�ã>D�£(M�û,��	Ã�ý*ü�îNM�ã4{�D���|E¥���G
�/•�Î�ÊKÈ
`

/•�Î�V)[��(Qiao��&��Duan��2015).

'
5à,���î�D�™�‰�ß,���k��E­�ø�þ�•/ß,X)ÚAŽ?·��EW���ÄL’,X,����!8	¥�),Ì�h,X�D���•"©��	�

�Ú�™?U,X.��EîE›�Ú/Ã�Ú�Ú�F�� �J �D�� /• �7 �ê,���è �ý*ü�Â�Ú�· �Ó�‚ �Ú,

Gao 1���(2014)��A’Au�Z�Ô�þ�Ý��,X�D���•"©*ü�9Au1k�G
�/•�Î�ÊKÈ
`/•�Î�V)[.��
Î�b!8�•"©,��Wu

1���(2018)��Au1k�Z�Ô�þ
Î�´><E’�õ
_,X�G
�/•�Î�ÊKÈ�Ã/•�Î�V)[
`Lc��
��é
³��(stochastic��basins

of��attraction),��G›*üM2P¬�ƒ�âP¬�ƒ�>�Ä���z��!¨�9Aš�ÿE@/ÏE›/ß��,X�Ô�ìEÝ�½.��Cai 1���(2017)��Eî

E›Au1k/•�Î�ÊKÈ�â/•�Î�V)[�9��+�/24£��2Ï4³�� 0�� n L�pvy �>�ÄAÅ�Ð,X�H���_�Ê.��Xu 1���(2016)

EîE›Au1k0��Õ�V)[�š�z
`�G
�/•�Î�ÊKÈ,��-è0J�ZM2P¬�ƒ�>�Ä�Í,Ì�FE@�6
`�Ô/�GE@�6,X�E
¡.��	¡

E›�9,��
Î�b�Í�G
�/•�Î�ÊKÈ,X?–#�,��Zhang 1���(2020)��A’Au�Z�Ô�þ�D�BPE�|�•"©,��6Ñ�ó�¢/•�Î�ÊKÈ

�D�B���¤	ª�K�ÝP¬�ƒ�×�ë�>�Ä�êM2P¬� ƒ L�pvy �>�Ä,XLc���‚�Ú�•/ß.��

5.2��������Onsager-Machlup *<Að

���Z�¢)ÚAŽ�Þ.B�n�Ô�ì/•�ÎCÃ�X,����8V�é� 9 Onsager-Machlup��(OM)��)ÚAŽ.��OM )ÚAŽ��-è0JLc

���|�o2Ï4³/•�Î)„B5,X��*ü�•"©,���J
Î���ñ�Ç���ý*ü�È4©�¤�5CÃ�X,X�Î�n	n�z,X1uF',X�V)[�9

�·�ÓE­�5CÃ�X�r)„,X	Ã6Ñ�û,��	Ã�¹,ß�ä� � Freidlin-Wentzell �û�#�Â)ÚAŽ�ü�ÝL$�>�Ä���z�ß,X�|

�S.���üP¬�ƒ�>�Ä�™�‰�ß,��OM �0*üG£"¯�Ñ! ¨ Freidlin-Wentzell �0*üG£"¯�Ñ�î�Z�ÔNM$Ö/Ï2Ï�D,X�7

�zNM,���ü���>�Ä�UL$� ß OM �0*üG£"¯�ÑEÔ�ê� � Freidlin-Wentzell �0*üG£"¯�Ñ,X4§�p.

�½� ü 1953 �H,��Onsager 
 ` Machlup��(1953)��Oj�� �Ð�Î�Z�K�Ý4“�û$Ö/Ï2Ï�D
`�� �=�72Ï�D,X�=

�7E›/ß, X OM "¯�Ñ.��Tisza 
 ` Manning��(1957)��Lc	â�ÍM24“�û2Ï4³E¯> �Z�=�).��!8�ê,��D�•rr 
 ` Bach

(1978)���¤�Î�Z	º�Ô/¡�|� Ð OM "¯�Ñ,X�•"©,��� Ú Girsanov 	¬�6�h*ü�b�=�7E›/ßAÅ�Ð,X#��z.��Chao


 ` Duan��(2019)���Ú!8�•"©�|�S��"�?·��(M2P¬�ƒ)��L�pvy �>�Ä
`��(P¬�ƒ)���×�ë�>�Ä�ßLc���|�o2Ï4³,X

�È�á���™�‰.��Tang 1���(2014,��2017)���¢	º�Ô�þ�•M6E¯�Ô!9�|�Ð�Z�ú�,�ûP¬�ƒ�>�Ä,XE›L����ë���Û

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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�•/ß
`�Ô8�Lc��?·Gž, X OM "¯�Ñ.��4Ð	Ü�¹�Þ-è0J�ä�p,����8V�Ÿ4¡EW���Ô8�,X�,�ûP¬�ƒ�>�Ä
`�t�û

M2P¬� ƒ L�pvy �>�ÄPE�|�ß,XLc���|�o2Ï4³, X OM )ÚAŽ.

5×<%�ßM6,X4ÈLc���|�o2Ï4³

�J�� �� 4È�×�ëE¤�|,�� ��M2P¬� ƒ L�pvy E›/ß,���J

CÇC—#� �z$µC‡ .��L�pvy E› /ß ,X �û �� ��CÇC—	Ã�¹EîE› �xJí ��(interlacing)��(Apple-

baum��2009)���• "© �9 �Ø)Ú,���´ !8E­G  	¾5×<%�ãCÇC— , ��1 � 4 8V�é �9 ,X>9 �S

Poisson Lc��#��z.��	åG£ ��$Ö/Ï2Ï�D,�� ���=�7-½L	.

�Í�b�K�Ý�,�ûP¬�ƒ�>�Ä,X�•/ß��(84),��EÝ�½/Ã�Ú�•"©�Ê,X�õ2ž�û�î�Ð7È�á	à,XLc��?·Gž,���Ô8�

></� "© �� -?·Gž ��(Shi��et��al.��2012).���� �ZFS�! �â0� � n L�pvy �> �Ä ,X 	– �D#Ë#š,��G›*ü?·Gž �· �Ó .

,�� 
` �Ú�ÿ�Í�h� b It�{,��Stratonovich 
 ` anti-��It�{,X?·Gž.��EîE›�Â!7$Ö/ÏNM,��Lc���‚�Ú

�•/ß��(84)��	Ã�¹E@�ê��4³�Ô, X Stratonovich �6�ã

�J��

A„���Â!7,X$Ö/Ï2Ï�D.���S*üE­/¡4³�Ô, X Stratonovich �6�ã,X�ì&•��	Ã�¹1T	)
��h*ü�BEî,X�‚

/Ã�Ú"©�í,��+�!8��CÃ�X/Ã�Ú"©�|�Ð	â4Á, X OM �Ñ�D��(Tang��et��al.��2014)���ú�9�Z�Ô�o�“�ý.���_�r�Þ,

4³�ÔLc��?·Gž�6�ã,XEÝ�½	¾�E
¡�|�ÐE›/ß,��5à�á�E
 ¡ OM �Ñ�D,X4§�p.

�üLc���D�|�ß,���n0��Õ��KÈ	Ã6Ñ	¥*óC—E•.���üE­�þE›/ß��,���Ô�ó�HCw,X��.B�n�Ô�û	Ã6Ñ,XE@

/ÏCÃ�X.��+��b	)�5CÃ�X,X�V)[�™'
��LÊ,��LÔ?U-è0JLc��E<EÍEîE›�¤�5CÃ�X,XF•
³�ê1uF',X�V)[.

�ü4­�n1uF'	n�z,X�5�Ê�ß,��E<F'+-�ü1u�Y,X�V)[�rL��Þ�£EÄ�ZE­�Ô(M�nCÃ�X�r)„,X	Ã6Ñ�û.���È�š

.B
�AÈ,��5×<%�Ô�þ�È4©	–5×CÃ�X ,�� ,X1uF'.���V�p C‡�ó�ã,���í?·E›/ß :��ü1uF'�Y,X

�V)[	Ã�Ý�¹�ß�6�ã��1k

�í>•/Ã�Ñ�D /Ä� � OM �Ñ�D,���ê�ü4£�L�o�: �� /Ä�� �• �� �ë�¹G£.�� /Ä� � OM

�0*üG£"¯�Ñ.

�´!8,��2O��� b Freidlin-Wentzell �û�#�Â)ÚAŽ,X4§�p,��OM "¯�Ñ,X�<���Ô�ã���Í�h�b�K�Ý�Ô�û

�V)[,XCÃ�X,��	G�Ô�ìCÃ�X.���b��,���V)[,XAu1kE@�ê� � OM "¯�Ñ,X	¬�ÚKÂNl.��
Î�b�Ú�d�o�:,X4£�L4§

�p,��E²�y&• 
`&• ,X�Ô�ìCÃ�X$µC‡ û�•�í�•���ë�¹�•/ß

�JE•+ �5�Ê�� 
` .��E­G �Ú0ú	Ë �Ó�6���Z .���´��E­���Ô�þ�`L
�‚�Ú�•/ß,���Ú�W
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E@�ê���Ô�þ1��Ë,X
œ�šNS2Ï4³�Í�b�D��/Ã�Ú�î�È���•�“

E­G ,�� � � OM �Ñ�D, X Legendre 	¬�6,�� �� �|G£.��?· ��
$�Û0NKÈ,X

�i�E 4­�Î�Z�Ô�ìCÃ�X.

�
�B�[)���(Chao��&��Duan��2019,��Tang��et��al.��2014),���•/ß��(87)��, X OM �Ñ�D�ü�á5×<%�t�û���D,X

�™�‰�ß+��ß�ã4­�Î

�J�� .�����Z�•�“,��A„ .��� í Legendre 	¬�6Au1k�Î,X
œ�šNSG£��

�´!8,��
œ�šNS2Ï4³�K�Ý�ßM6,X�6�ã

8¹P¬�ƒ�>�Ä���t�û,X,���•/ß4z�ê��

�Í �ã ��(90)�� � � OM �Ñ �D ,X �6 �ã �0 �ø&•AÈ�â .�� �Ô �•M6 ,���V �p5×<%0� �n , X L�pvy E¤ �| ,�� �í �5 �Ê

?U"� .��	º�Ô�•M6,���'�¸�ã��(90)����,X �Ê,���W�6�á���=�7E›/ß, X OM

�Ñ�D.���6	¹A±AÈ,��L�pvy �>�Ä�ÍC—E•)„B5,X�E
¡	¡�ô�ü�ã��(90)��� � OM �Ñ�D,X1��ÝNM��.��(M�ÿ
�,���V

� p L�pvy E¤�|���Í/Ä,X,���í4§�p�â�=�7E›/ß,X4§�p���Ô7È,X.��

5.3��������A×1Í�6�]
%73D%�º,º�p�ž�œ�–�ï#�

"¼� ã 5.2 8V��,X�•/ß��(93)�����Ô�þ���‚�Ú�•/ß,X�ø&•E•��KÂNl,��Eî��	Ã�¹* ü shooting �•"©�9�Ø

)Ú.���3����AÈ,��	Ã�¹A×�H�|G£,X�ñ�Ÿ���J�Í�•/ßE¯> �D��/Ã�Ú,��,È��4œ&• �‰E’ .��'
5à,��E­/¡

�•"©�ü�rCÉ���¡�,�ü�ø�þ�áC‡���Ø.��1��Ô,��Eî��EÝ�½�Ô�þ/Ä���n0��Õ,X0��n�á�|&•�0���ñ�Ÿ&•

�95×<%�W,XC—E•.��+��b�EEA�|G£�•/ß��(	G�ã��(93)����,X1��`�þ�•/ß)���Ù	ÿ ,���´!8�ü�ÊKÈ�Þ

	å�!,X�D��/Ã�Ú�ü�D���Þ���á0��n,X,��*î7Ç���áEÖ�n,X.��!8�ê,���üP¬4È2Ï4³���î�Î)„	º�Ô�þKÂNl,

	G�\L’�‡�n�hA¹A×�H�ñ�Ÿ�|G£,X
¾�Ô�ÚG£.��Li 1���(2021)��A’Au�Z�Ô�þ���<�:�4�•"©�9?·�‡E­�ø�þ

KÂNl,��1k"©�Ú��
œ�šNS2Ï4³,XG¡�@�ã�ê
`/24£5%4°1k"©�øF¼�Ú.

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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Oj��,�����Z�Ø)Ú�|G£,X	¥�7KÂNl,��A„ �J�è

�J�� .��	º�ê,���n��

�J�� .��"¼�ãE­�þ�U�ã�ê�J�á�ü4œ&•�Þ�‘�t4z�3.���6	¹A±AÈ,���Ñ�D0N

KÈ ��+��ZCK�Ÿ�b �´��Aç4œ&•,XE²4ÁE<F',XLš	Ü.���_�r�Þ,�� 
` �X�ä�Ô4 ˜ Fenchel-Le-

gendre 	¬�6�Í.


` ,X�G2Ï�_�r�Þ��AŒ�Ø)Ú�Ô�ã�êKÂNl��(95)���9�·�Ó��(94).��� ã (95)��,X	¬�Ú4§�p�Ð�Î�ß

M6,X
œ�šNS2Ï4³

�¢�ã��(89)��	Ã�¹,ß�Î ,��E•+ �5�Ê4z�3�ü�ñ�Ÿ
$�Û
` �Ô4œ
$�Û�Þ,���� �ü�|G£�Þ�á�, �ü.��5à�ü�ã

(96)����,���W�À>•E@�6�ä�Ô�þ
$�Û,XE•+ �5�Ê
`	º�Ô�þ�|G£,XE•+ �5�Ê.��E­/¡�¡�0,X�Q�Ø����5à�ç

?•,X.���ã��(96)��,XAu1k���ÊKÈ�!	å/Ã�Ú ,��'
	â�ÊKÈ	â	å/Ã�Ú�|G£ .��E­/¡�•"©�ä�s
�?·�‡�Z�!

M6�¤��, X shooting �•"©,X1��Ô�þ5�&•,���´���ø�þ�•	å,X/Ã�ÚFÑ���
�/,X.

E­�þ�•"©,X1k"©��4§�V�ß:

1k" © 1:

Step��1��4­�n ,X�Ô�þ��
`�Ô�5�ñ�ŸE<EÍ ��(�ñ�Ÿ );

Step��2���¢ �ÊKÈ	â	å/Ã�Ú�•/ß �k�� ;

Step��3���¢ �ÊKÈ�!	å/Ã�Ú�•/ß �k�� ;

Step��4��EÁ� · Step��2 
 ` Step��3 ,È���
�/.

�y�ß�9,���V�)�
�B ,X4œ&•E•+ �5�Ê.B�n ,X��	Ã�¹EîE›�Ô�þ#Å�z/24£5%4°�9�`�ä,��A¹/24£5%

4°,X4§�X�V� * 5 ��/�.���
�B-è0J,Â,X,��Eg�9
`Eg�Î(Š�Õ�Ú�ÿ�Î�n�� 
` ,��!£�þ(Š�ÕFÑ�Ý �þ�ÚG£.

��A’�üEg�9
`Eg�Î��KÈ�Ý ��Ld;£��,��1� ���Ý �þ/24£��,�� .���´!8,���Ô�þ�á��,XM24“

�û�Ñ�D	Ã�¹*ü�Ô2Ï�ë1T	)�Ñ�D,X�á	Ü�9E¥��

!£��,X�Ñ�D �n����

���•�“CK?•,��A„ 
` .��!8�ê,�� 
` �Ú�ÿ/Ä����G¡-½L	
`�#5B	åG£.�� ><

/��Ô�þM24“�û%”#��Ñ�D,���h*ü�b	¬G£,X!£�þ�ÚG£�Þ,����*ü,X�Ñ�D� Ý sigmoid,��tanh,��ReLu 1�.���y�ß

�9 ,�� �Í �� �Ý Ld ;£ �� �S * ü ReLu �Ñ �D .��5à Eg �Î �� EÝ �½ �& 	à �Ñ �D ,�� �¹ ?Z ,ª ,X
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0NKÈ.

�¸ ��E­�þ/24£5%4°	–�D,XLš	Ü,��	G .��/24£5%4°,XA•4—��

Eî E› �Í 	– �D E¯ > �ì �ê ,�� �S �J Eg �Î (Š �Õ 6Ñ �ó �Ô �ì 
� F� E¥ .�� �K �' �9 AÈ ,�� �� A’ �Ý �D �B Lš

,���J�é�95%4°NX#�
`,Â�Û��KÈ,X C±/•�0���3���Ñ�D��(loss��func-

tion).��'
	âEîE›�ð2ö�Ô�ì	–�D�Í/24£5%4°E¯> A•4—,��"�?·�3���Ñ�D,XM24“�û�²�&KÂNl

></�Eg�9�D�B �Ê5%4°,XEg�Î.���Ô8�
�,���Ô�ã�ê	–�DEîE›�ƒ�z�ßL!"©E¯> EÁ�·

�J���:�4)[��(learning��rate)�� ���Ô�þEW�ã,X�D.

/24£5%4°,XA•4—E›/ß��4§�V�ß:

1k" © 2:

Step��1��4­�n�D�BLš
`�ñ�Ÿ	–�DLš ;

Step��2���h*ü�!	å�ô�•Au1k5%4°,XEg�Î
`�·�Ë�Ñ�D;

Step��3���h*ü	â	å�ô�•Au1k�·�Ë�Ñ�D�Í	–�D,X�ƒ�z;

Step��4���ý*ü�•/ß��(100)��EÁ�·	–�D;

Step��5��EÁ�·,È���
�/.

�0����4§,��1k"©���Š�V�ß:

1k" © 3:

Step��1��*ó�ä�D�B:���K�'�9AÈ,���ü,X0NKÈ,X�Ô�þ	ÜEÖ,X	�
³Lc��EÝ�½ �þ&•.���Ú�ñ�Ÿ&•�Î�n�ü

2Ï4³,X0��Õ,���ý*ü1k" © 1,���Í ,X!£�þ&•Au1k�Ô�û	Ã6ÑCÃ�X ;

Step��2��A•4—/24£5%4°:��
Î�b1k" © 2,��Step��1 *ó�ä,X�D�B	Ã*ü�bA•4—/24£5%4°,���J����Eg�9,

��

��

�*����

�£�5 �nK¼:û�n+°.Š3û4}4�+°3ÿ�°.�� 	¸ ,�� �2�W�[.Š3û4}4�+°D¿�‘	¸D¿�&.�� =”

.f0X �n0X �V.Š3û�o+°�h,���¢�Y ,��

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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��Eg�Î;

Step��3��#�A©:��4­�n�¤�þ4œ&• ,���ý*üA•4—�Q,X/24£5%4°�9Au1k�Í�h,XEg�Î ;

Step��4��Au1k�Ô�û	Ã6ÑCÃ�X:���a õ�ý*ü1k" © 1 �Í Au1k�Ô�û	Ã6ÑCÃ�X,���Ú4œ&•�â�.�Í!¨.

!8 �� �< �: �4 �• "©�ü �ø �þ �L 
_ �_ �$ �� ,X �ä �s �h* ü (Li��et��al.��2021a),��A• �r �Z �W�Í �b �Ý �ê"u �Ý

L�pvy �>�Ä�Ã�t �û�ê�� �, �ûP¬�ƒ�>�Ä�Ã�á	àLc�� /Ã�Ú?·Gž��(It�{�ã�� �ÃStratonovich �ã�� 
 ` anti-

It�{�ã��)��,X2Ï4³�¹	ž	Ø/¡4È�D,X2Ï4³,X�Ý���û.��4§�p><�â,��A¹�•"©,Ì!¨M2P¬�ƒ�>�Ä�ÈEÖ*ü�bP¬�ƒ

�>�Ä,��,Ì!¨�,�û�>�Ä�ÈEÖ*ü�b�t�û�>�Ä,��A¹1k"©� Í Stratonovich �ã�����Ô�Ý��,X,��'
	 â anti-��It�{,X,

�a��	 â It�{,X.

E­/¡�•"©E¬	Ã�¹�|�S���J�ª2O��,XKÂNl.���_�V,��L8� Z OM )ÚAŽ�ê,���üAu1 k Freidlin-Wentzell ,X

�û�#�Â)ÚAŽ�ß,X�Ô�û	Ã6ÑCÃ�X�Ê�¡'
	Ã> .���È�S"¯
�AÈ,���W�3	Ã�¹�h*ü�b�J�ªNZ
³,���V�Ô�ì�{�


KÂNl1�.

�Ô	â,�����k"¼�ã,X��,��A¹1k"©�ü�rL��h*ü��E¬�,�ü�Ô�þ�å�ì.���V�p/Ã�Ú4§�p,X�D�B �Ú�×,Ì

�Í
��Ô,���í	Ã�¹�È�Ý���Ã�È�š.B
�A•4—/24£5%4°.��'
5à,���V�pE­�o&•Lš���ü�´�þ(M�n,X	�
³��,��+�

�b�3���Ñ�D�ü	Ø�þ	�
³,X��G¡�Â�ÖE›�û,���í���p�á�G.���´!8,��A¹1k"©,X�ä�s�h*ü?U"�2Ï4³,X	åG£


��K�Ý�¤/¡
��Ô�û.��

5.4��������A×1Í�6�]
%73D%�º,º�6�]�r'l#�

��1u�K� Ý L�pvy �>�Ä,XLc���| �o2Ï4³, X OM �0*üG£"¯�Ñ�Æ�Ý4§�p,��'
5à�W	¾�Í�¤�Ô2 O L�pvy

�>�Ä�ä0Ÿ,���h*ü�K�Ý��L$�û.��	º�Ô�•M6,��)ÚAŽ4§�p�3LÔ�k���D���•"©,XP`A•.���´!8,��	¥�)�J�ª,XAu

1k�Ô�û	Ã6ÑCÃ�X,X�•"©��	� �Ú�™?U,X.��
Î �bE@/Ï�V)[�š�z$µC‡, X Fokker-Planck �•/ß,��Zheng 1�

(2020)���Ô	¥�Z�Ô/¡Au1k�Ô�û	Ã6ÑCÃ�X,X�Ô�û��'
"©.

���Z�•�“></�,���¹�Ô4È2Ï4³���_

�·><Lc���‚�Ú�•/ß��(101)��,X?·�!�b ,X�V)[�š�z,�� ></�4­�n ,X

�5�Ê�ß�� ,XE@/Ï�V)[�š�z,���J�� ,��	G

�
�B��(Duan��2015),��E@/Ï�V)[�š�z $µC‡�ßM6, X Fokker-Planck �•/ß

	ÇE•,X/Ã�ÚF¼�Ú�rL��Þ��M2��F¼�ê�Ú�DL
�•�B�•�ƒ1k�$,���Í�hM2P¬�ƒ 0�� n L�pvy �D�|.��E@/Ï�V)[

�š�z,X�ñ�Ÿ�5�Ê$µC‡

�Í�Ï�ã,X ,�� ,����A’�5�Ê�V)[�š�z *ü�b��+��ü�5�Ê �ß �ü�Ê�� �!
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�b&• ,X�V)[�š�z.��E­G ,���5�Ê �Û�ñ�Ÿ�5�Ê 
`4œ!6�5�Ê .���
�BP@!ã�û,���W	Ã�¹

></���

�ü�5�Ê �ß,���Í�Ï�Ô�Ê�� ,���š�z�Ñ�D �Î)„,X�Ä���!5B�Í�h(Š�Õ .��E­�ã
G-�,���ü

4­�n�Ê�� ,���5�Ê�V)[�š�z ,X�Ä���!5B A„��E­�oLc��E<F',X�Ô�û	Ã6Ñ�!5B,��	G

�Ú�� �ÝE­ �o �!5BE² �yCK�9 	G�k �� �¢ �ñ �Ÿ�!5B E@/Ï ��4œ&•�!5B ,X�Ô�û 	Ã6Ñ

E<EÍ.

�ã��(105)����,XE@/Ï�V)[�š�z � � Fokker-Planck �•/ß��(103)��,X?·,��)ÚAŽ"�?·,Ì�'�ÄL’.����!8,��
Î

�b�ÊKÈ�í0NKÈ/•�7�ê, X Toeplitz -½L	4§�X,��Gao 1���(2016)���¤�Î�Z�Ô/¡�¿Eó2’.B,X�D��1k"©*ü�bAu

1k�K�Ý
��
E•+ �ê�´0K	�
³,XM2��F ¼ Fokker-Planck �•/ß,���JA•�â�Z�J�
�/�û.��,Â�!,��E­�þ�•"©�Æ

4£�S"¯�h*ü�b/•�Î)„B5��(Chen��X��2019)�ÃLc���Ú�h��(Wang��2020)��
`�D�BPE�|�•"©��(Zhang��2017)��1�

,Ì�GKÂNl��.��	º�ê,�����<�:�4�•"©�3	Ã�¹�h*ü�b"�? · Fokker-Planck �•/ß,���_� V Xu 1���(2020)���ý*ü

#Å�z/24£5%4°Au1kP¬�ƒ�>�Ä�ß,X�V)[�š�z,��Chen 1���(2020)��
Î�b����CÃ�X�D�B"�?·	à�Ê�K�ÝP¬�ƒ

�×�ë�>�Ä
`M2P¬� ƒ L�pvy �>�Ä,XLc��2Ï4 ³ Fokker-Planck �•/ß.��

5.5��������M”�vG � Kramers-Moyal �¢�E

�Í�b�rL��¹/ß4§�X
`7¾'
/¥�:1�KÂNl,X-è0J,���Ž�ÀEî���ý*ü(/NS1��`�n�_�ê�•���ë�¹�o�:

1�)ÚAŽ�Î0Ÿ2Ï4³,X�|�o�:�•/ß.��EîE›"�?·!8�{�
�•/ß,���à�ï�k��2Ï4³,X
¡�h,���ê�k��2Ï4³,X�Ô�o

�|�o�:�ûBü,���_�VAu1k�á	à0��Õ,XE@/ÏCÃ�X.��'
5à,��+��b�Ž�À�ÍAŒ�î�á��)„B5,X�YF¼���
5��#�`

�Û,X)Ú?·,���V*ó(=	�9C�Ã6å/¥�:�Ã�û!è/¥�:1�NZ
³,���\L’,È�y�Î0Ÿ�J���ã,XE¤�|�•/ß.���LE¤,X��,

Lc-�/¥-è�¹�K
`�Ó,ó6Ñ�o,XE¯!9,���Ž�À6Ñ�ó9‹�kC^�9C^�î,X�á��2Ï4³�D�BLš.���´!8,���¢�>�Ä�D�B

���¤	ª�{�
?˜�_�ê�|�o�:(M�û�ü	Ø�þ/¥�:NZ
³FÑCK-�7Ç�GG¡?U,X�0*ü.

J\�Í�K�ÝP¬�ƒ�×�ë�>�Ä,XLc���|�o2Ï4³,��Dai 1���(2020)���¤�Î�Z�Ô�þ�D�BPE�|���Š,��*ü�¹�¢��

���D�B���¤	ª�Ô�û	Ã6ÑE@/ÏCÃ�X.��!8�•"©,X
Î���ñ�Ç��,�����ý* ü Kramers-Moyal �@�ã�¢����CÃ�X

�D�B���¤	ªLc���‚�Ú�•/ß,X$Ö/Ï
`�=�72Ï�D,��'
	â�ý*ü�!�Ô�$8V,X�Ô�û��'
"©Au1k�Ô�û	Ã6ÑCÃ

�X.��'
5à,��E­/¡�•"©�´"©,È�y�|�S���K�ÝM2P¬� ƒ L�pvy �>�Ä,X�™�‰.���J	s�´�ü�b,�� 0��n�Ú�×,X��F¼

�îNM�ã>D�£,���K�ÝG¡����(heavy-tailed)��(M�û,���J�`L
-½	ž�¹�Þ�™'
	¥�7,���ÔL
-½��	ú	¥�7�qC*�b

,X	ª�� .���´ !8,��Kramers-Moyal �@�ã�á�aEÖ* ü L�pvy �>�Ä,X�™�‰.��	º �Ô�þL’&•�ü�b!8�Ê, X Fokker-

Planck �•/ß���‚�Ú�í/Ã�Ú�•/ß,��E­�3�S�kKÂNl	¬�k�È�t�á��.���LE¤
���,��Li 
 ` Duan��(2021)���|�Ð,X

M2��F¼��(nonlocal)��Kramers-Moyal �@�ã�Ý��?·�‡�ZE­�þKÂNl,���ßM6�Í!8�@�ã�.1T?U�Ÿ4¡.

5×<%�Ô�þ4ÈLc���|�o2Ï4³

1� ��1���ó �"�@�
��CIJß�
���ì���` ������
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�J�� �� ��,X$Ö/Ï2Ï�D,�� �� 4È�×�ë

E¤�| ,�� �� �Ô�þ ,X-½L	,�� �� �K�Ý!7�� �D�>�Ä�� �z ,X�Í / Ä L�pvy

E¤�| .���� �n �ñ �Ÿ�5 �Ê�� ,�� �� �= �7-½L	 ,�� ,XCÇC—#� �z$µC‡ ,

.��+�� b L�pvy E¤�|,X�Í/Ä�û,�� .


Î�b2Ï4³��(107)��, X Fokker-Planck �•/ß,��	Ã�¹�|�Ð�Î�ßM6,X�n)Ú
`�|AŽ.

�n) Ú 1���Í!£�þ ,���V)[�š�z�Ñ�D 
`CÇC—#��z�Ã$Ö/Ï�Ã�=�7�K�Ý�V�ß,X�G2Ï:

(1)���Í!£�þ$µC‡ ,X 
`

�Í 
` �Ô7È�ä0Ÿ;

(2)���Í

(3)���Í

E­�þ�n)Ú,X�ñ�Ç	Ã�¹�Ý';�ßEÄ�•�ã)Ú?·.���ü�á	 ÿ L�pvy �>�Ä,X�™�‰�ß,��It�{Lc���‚�Ú�•/ß,X��

��E<F'���V) [ 1 E²4Á,X.���3����AÈ,��$Ö/Ï2Ï�D
`�=�72Ï�DBõ)�,X��E²4ÁF¼�Ú,��5 à L�pvy �>�ÄBõ)�,X

��CÇC—F¼�Ú.���ü�\-Á,X�Ô!‰�ÊKÈ�Y,���û,XCÇC—�´�"FÑ�97¾� b L�pvy �>�Ä.���q�BE­�þ�ñ�Ç,��E­�þ�n)Ú

�Ú,Ì0NKÈ�Ú�F��)×�Y
`)×�ê�øF¼�Ú.��)×�êF¼�Ú��(	G�n)Ú,X1��Ô�5)��*ü�9><E ’ L�pvy CÇC—NM,��)×�YF¼

�Ú��(	G�n)Ú,X1��`�5
`1��Ý�5)��*ü�9><E’$Ö/Ï
`�=�7NM.��+��b�Ú/Ã�Ú	�
³L$�
�ü)×�Y,���¢5à�Ý��

FS�Ô�ZG¡��(M�û�Ð7È/Ã�Ú	¥�7,XKÂNl,���ä�s
��Ú$Ö/Ï�Ã�=�7� â L�pvy CÇC—NM�ý*üE@/Ï�V)[�š�z�9

><E’.��'
5à,��E­�þ�n)Ú�Í�b�D��1k"©,XA’Au�J�á	Ÿ�Q.����!8,��	Ã�¹�Ú�J�
�m�ä�ßM6,X�|AŽ�6�ã,���¢

5à�Ú$Ö/Ï�Ã�=�7� â L�pvy CÇC—NM�ý*ü����CÃ�X�D�B�9><E’:

�|A Ž 1���Í!£�þ ,��Lc���‚�Ú�•/ß��(107)��,X?·
`CÇC—#��z�Ã$Ö/Ï�Ã�=�7�K�Ý�V�ß,X�G2Ï:

(1)���Í!£�þ

(2)���Í

(3)���Í

E­�þ�|AŽ1��`�5
`1��Ý�5� â Kramers-Moyal �@�ã�K�Ý2O��,X�6�ã,���´!8E­�þ�|AŽ	Ã�¹/Ä��

M2��F ¼ Kramers-Moyal �@�ã.���Í�b�|AŽ,X1��Ô�5,��5×<%�î�þ�á	à,X	�KÈ,��	Ã�¹E¥���k� � L�pvy CÇC—
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#��z
`�>�Ä���z.���G�b1��`�5
`1��Ý�5,���ý*ü
Î�Ñ�D,X4“�û4˜	ÜE¥��,���J4§	Ü�Ô�ã�`�,"©,��	Ã�¹��

Au�Î$Ö/Ï�â�=�7NM,XE¥��><E’�ã.���K�',X�D�BPE�|1k"©,XA’Au	–5×�[)���(Li��&��Duan��2021),��E­G 

�á�aAº4š�Ÿ4¡.���´!8,��4­�n����CÃ�X�D�B,���ý*üM2��F ¼ Kramers-Moyal �@�ã,��	Ã�¹Aš�ÿ�Î�K�ÝP¬�ƒ

�×�ë�>�Ä
`M2P¬� ƒ L�pvy �>�Ä,XLc���|�o2Ï4³,��4§	Ü�Þ�Ô8V�Ÿ4¡,X�Ô�û��'
"©,��	Ã�¹Au1k�Î2Ï4³

�n0��ÕKÈE@/Ï,X�Ô�û	Ã6ÑCÃ�X,���¢5à�¢����CÃ�X�D�B���¤	ª�Î�Z�Ô�û	Ã6ÑCÃ�X.

�Ô	â,��	Ã�¹	¥)„,���ÚE­/¡�•"©�=�)���K�Ý�,� û L�pvy �>�Ä,XLc���|�o2Ï4³,X�D�BLš���Ô�þ�å

�ì.���üE­/¡�™�‰�ß,���,� û L�pvy �>�Ä.�
#�Z�n) Ú 1 ��1��Ô�þ�•?Ô,X�³0NKÈU$ õ�û�´,���Ð7È�Ñ�D 	à�Ê

�qC*�b 
` ��(5à�á�™�™�qC*�b0NKÈ�G/Ï ),���¢5à4­ �D�BPE�|1k"©,XA’Au�ú�9�Z�ÄL’ ��(Li��&

Duan��2021).��

6���������‹�<�Q

�ù���ã���Þ,���ü7¾'
/¥�:�Ã/��î/¥�:
`�¹/ß/¥�:1�NZ
³��,��M2P¬�ƒ�õ
_!¨P¬�ƒE›/ß�È�K�Ý�B

F!�û,����	à�ÊM24“�ûM2P¬�ƒ�>�Ä2Ï4³,XLc���|�o�:> ���z�È���á��.��Lc-��Ž�À�Í7¾'
)„B5,X�£EÄ

C^	¥2’4š,���„,XKÂNl���Î�á0K,���Í�û�#�Â)ÚAŽ�üM2P¬�ƒLc���|�o2Ï4³,X�h*ü�¤�Î�Z�È�î,X�å�ì.

�¹	¥�),X-����9,ß,���¢�¹�ß�´�þ�•M6�¤�Î�Ô�o%0�ü�ûKÂNl:

(1)���V�!��EÄ,��*ü�bAu1kLc��#Ë	Ü2Ï4³,X/•�ÎKÂNl,X
œ�šNSG£���Ô�þ0ú	Ë-½L	,X��(M�U��.

'
5à,���Í�bP¬4È,XKÂNl,��,Â�!	¾�Ý�þ�ÿ(M!^2Ï4³6Ñ�ó?·�d"�?·.���Í�b�Ô8�,XLc��#Ë	Ü2Ï4³,���V�)?·

�dE¥���ê�D��Au1k�J
œ�šNSG£�¡���Ô�þ�¼�û,X�å�ì;

(2)��E¥�H�9Lc-�Au1k���T��,X:À�—	¥�),�����<�:�4�•"©�¹�J���û,X�s6Ñ>•�S"¯�h*ü�b?·�‡�|

�o2Ï4³��,XL’Nl,���V�ý*ü���<�:�4�•"©"�?·
œ�šNS-L™	Ã!¨�•/ß�ÃFokker-Planck �•/ß
`	¬�ÚKÂNl

1�.��+��bAu1k�û�#�ÂKÂNl��,X�Ô�û	Ã6ÑCÃ�X
`�³�“,XL’�zEW�û,���ü�ûG£?–#�
`�õ�³�D�B,X
Î.�

�Þ,���ý*ü���<�:�4�•"©�9"�?·�û�#�ÂKÂNl�K�Ý�SKè,X�h*ü�!�C.

7 ��AN�Â�Ñ�Š7¾'
/¥�:
ÎG¥C��}NM,Â��(11772149).
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On��the��exit��behaviors��of��non-Gaussian��stochastic��dynamical
systems��based��on��large��deviation��theory
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Abstract��This�� paper�� introduces�� the�� basic�� ideas��of�� large��deviation�� theory�� and�� its�� applications�� in�� the

study��of��exit��problems��of��non-Gaussian��stochastic��dynamical��systems.��According��to��different��types��of��non-

Gaussian�� noise,�� the�� main�� research�� methods�� and�� recent�� progresses�� of�� exit�� problems�� are�� reviewed�� for

stochastic��hybrid��systems,��stochastic��dynamical��systems��with��exponentially��light��jump��fluctuations,��and

stochastic��systems��with��-stable��L�pvy��noises.��For�� the��stochastic��hybrid��systems,�� the��quasi-steady-state

diffusion��approximation��which��is��approximated��by��stochastic��differential��equations,��the��WKB��approxim-

ation��for��computing��quasi-potential��and��optimal��exit��paths,��the��research��on��detailed��balance��conditions,

and��progresses��in��exit��problems��of��the��simplified��version��of��stochastic��hybrid��systems��(i.e.��birth-and-death

processes)�� are�� introduced.�� For�� the�� stochastic�� dynamical�� systems�� driven�� by�� the�� exponential�� light�� jump

processes,��the��establishment��of��the��functional��extremum��problems��of��large��deviation��principle��and��moder-

ate��deviation��principle,��the��definition��of��the��quasi-potential��concept��and��the��estimation��of��the��mean��exit

time��are��discussed.��For��stochastic��systems��with��stable��L�pvy��noises,��the��theoretical��and��numerical��meth-

ods��for��calculating��the��mean��exit��time��and��exit��probability,��and��Onsager-Machlup��theory,��machine��learn-

ing��method,��maximum��likelihood��method��and��data-driven��method��for��computing��the��optimal��exit��paths

are�� illustrated.��Finally,�� some��open��problems�� related�� to�� the��exit�� phenomena��of�� non-Gaussian�� stochastic

dynamical��systems��are��given.

Keywords�� stochastic��dynamical�� systems,�� large��deviation�� theory,��exit�� problems,��non-Gaussian��noise,

most��probable��exit��paths
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