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NTFEFEX, MREFES XN TFRABNEE 2 HENTHIbEE.
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b) %ergf—s k=1,2,n, W ﬁGkEQri

k=1

) HG.eq, iel, 1 3%, W | Giex
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2.2 MEBE
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a) u(¢d) =0

b) VECQ, 0<<u(E)<oos
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u(U E;)= dulEy)
k=1 k=1

WAL, WBRuCe) HQ LIME, ECQ X uaf i, (X,Q,n) JiEsH,
2,3 K=

BXREEZRE, MEB2,9€ X, Bd,y) REHBEEENH

a) d(z,)) >0, ZHMNY z=yif, d(z,9) =0s

b) d(z,y) =d(y,z);

c) d@,y)<d(z,z) +d(y.z), ¥Vz€ X,
MR d R X ERER, (X.d) BRABSEN.
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a) Vz€ X, [z[=0, ¥HEMNY z=¢ B, |zll=0;
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a) Y2€ X, (z,2)=0, H (z,2) =0 XY z=¢;

b) Va,5€ X, (%,p) = (y,2) (FEHEXH);

c) (ax+Py,2) =a(z,2) +8(y,2)s Vz,¥,2€ X, a,86C
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B BRSE T WEREERE. RESE XFHF) {z.} B X Cauchy JFF], HH H
"limm’J lz, = 2./ =0,

WAL 2 8] XS e &1, B3 XA Cauchy FRFBea® X iy — MR IR,

SEAFIIRIEZ A W] Banach M, Z&AKWNIREE M Hilbert =M,
2.6 BELT(pAER HILBER

a) LY (X)#RXEXT Lebesgue ME P A BEH = M. X V fEeL?(X), X
L

is1=([ 1fw1ra)” o=0
D) LP(X)#m X bAYEARu gk, B f@ fIX E—4FREBEBJLFLAH
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2.8 Lebesque Mg -7
kA C & R™ i iibe, mp

Cz[al’bl)x[aZQbZ)X.“X[anan) (6 )
K a;<b; (1=1,2,-n), %ﬂ\]%:ﬂ‘:i}tﬁ
V(C)=(bl_al) (bz_az)"'(b._an) (7)

JeFRBCHIRTR, V (C) R Al R p M 8L AT ¥ T AR5 A B 76 5 MR K EG 25 ) H B T
BARIREFF{C; ) REREE XCRESE, FEU{C; IR XHN—1EX, TR XCRY,

BUIE L3
£f"(X)=ian:V(Cj) (8)

R Lebesgue n-EHE, MEXLTR, L (CHOMYTHEHM, < OC)HYTHERE,
2.9 Hausdorff R ¢
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|U! =sup{lz-yl. z,y€ U} (9)
BEU PMERWRMBEREREXANU MERE, 0 (U, RTEFY, H¥Eafrg 3 # =

Xc U i s i agR(MaA i, 0<|U <8 X |JUL), RATE (V) £ XK

o-F.
it XCR", DRIERE, XV >0EN

SEECO = int{ 1V 1% (U VR X 8- 8% (10)
i=1 E
R THNTEEE, RITEES (U g, ENg/Aho@—e), ik (10) 14
SEO(X) = lim S0 = %ing[ianlU;lD]= sup S U; 1P (1)
& - i=1 i=1

W 0) T, B S BN SF . B, SFR WRNE R Y. SE(X) MR AL T T
XCR"F1E (335 0 ficc), WFR S°(X) Jy XH#y D-4 Hausdorff JE,
2.10 Hausdorff # % »4
R (10 A1 (D W, 23(X) 770 %(TFDREMM G<D . M ¢>D AU}
A XH) o-Fik, W
SV UL (1)
FRE LR ERRBEC (X)) < POEU(X), k60, BBRHLEI(X) <oo, TS (X)
=0(Y ¢t>D), WH SEP(X) M oo B 0 BRERRH FEZE DB — I RE, XA M RERS XY
Hausdorff #E#(, 8K dim X, FHHHAE MK Hausdorff-Besicovitch ¥, B E
dimX =inf{Dy S€°(X) =0}=sup{D; SF2(X)=c0} (13)
13
oo (I D<dimX)

D X) =
&) {o (n D>dimX) 14
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M D=dimX, WFEE SEP(X) qLIA 05 o R
0<<IEI(X) <o (15)

3 SEBESHEEE

3.1 #E=HEH

BHEAR XCR" Y Hausdorff XD, MR XKD AT ENHRINELY Dr=a, HI
D>D+, WM XEANEE, WHENIE.

EX dimA RJEE AW Hausdorff ¥, ik {X,d} WEAFERINZEERTH, H
H(X)FERXWE&TEEME., £ dA4,B) HES ACX FIBC X ZMES

d(A4,B) = max mind(x,y) (16)
rc A,yc B
WHEAE Hausdorf{ WEHERH(X)KZEN ®
h(A,B) =max{d(A,B),d(B,A)}, VA,BCc H(X) 17
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3.2 SAEBEEF®
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XARERB o MRAFEHETF S, €00,1) (i=1,2,) WEHBEH w,: X—>XHARK, 0
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iy, ldil>1, WF%EN

D=1+m(indJ)/mN' (30
£ (30) BWERMNTLAE - HHHEBSEEE DR

S ldi| = No7
IR 20, oy AREIHA L 141 >1, WD T EIT R

> ldilab = (31)
Kb, R (26) X, ERESHK I WBSAFTRED EHEE 1 72 (DRRME
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o MR TBHE R R R (31 R HBAH AR TR A
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MR A RIFEN AN XR, XEBTHEIEREANRIELE.

BRFE—ANEE B Hausdor I HHBBARFF] V. CR HBTE n>cc BH V.V,
IFQEREXEV EHH%E (00,65, EX QN Q. fEn>oo YRR (NRBHFER
), XBQ, HEXEV, LHQBRANI¥E, FRAESEBERT, XMMBA—EF
£, PlmESL Yk QCR R LIS S =0i5n; MEMEB e, MBRUEHURTE
P Weierstrass B3

z—>f(@) = 3 A Prsin(Afr), S€1,2) f i>1 (32)

M —84. XAMHEERRED<S, BABE. BT X8I & LML AR,
RSN —REDRNIBRS LB XERASREM uy, BB S, =0,n; HEM
. TTRYEAREN. MEEXHEE, £ e RS /e CIR 2R fErY .

KAV — M EE I HR—EEN Fr- 150 ZRGRER, HEHHFEQCR P
) Von Koch BIEXIR, FPR* T Koch FHSBMABAZ FHARKIR, XLMAEAFLSE
¥ logd/log3, B LI TFITRIEAERS o, [0 Loy, T 7E Hausdorf £ ERT YRR
MK BITA— AR 1SR ZHABRBRE T IR, FHE=250 T WELK
W, HHUH AR IR R XS TE To SO % = A TE R 53 50 Sl R ARX AN T
4%y BE I, Tl 3.4 KN 3T HBMAR, BHURMNITEMN DRR I, KKE#H
% p—>oo it I', BN Koch FHEATBHME. XA UEARITBEMRE, |/IFHL
WEFFIV, R T BEFHVT, REU n>co iR STBE LB H,

RAERNEEEXESBERV PR HER Q. G =12, , ) 2R/ EHRL. THA
a, Sy E e BB EE LR E T A N E, TRBR ERITELIE
RBEV, ERAEEER FWQn, GeasV ) =0 (r=1,2,), XB Q. (1=1,",r) ¥
V.=V BT Q. X¥E, 1t

llm L(any'“’an,Va):O (33)

n o

WALV LI QRBRBEENIE . 1067, 28t Hooke @M IEEK LAY
R EFEAH
lim(o,-C,e) =0 &19)

n ~co

KRB C, BV, R EMHERBGRE., XMEREFER, B C, G-IV, KHEER
B R o RN TREAERBRXR, FEHFEXMHIBRR.

R, EABI%¥ET, FEFTEHNAEEBE:

(1) Zest 2t vh B BLRIE AR B S AR RS 5

(2) RPN IERBRENBEEAERLRERE.

EAZNSERHER, EXMBREBRFAEZWUABRKNBERAR, #-ASBEH
WA RS, HRH R BB EEERRHNERAERE L LA P ERES
EMERY, HASBZRCEBT HARFENAMUEME et RESSIWE R &
(2) RERXEAE, HRERELLFR, HNFENSIEZRE BT HEHARERARE
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S, Bidn, RBIH S EATBEEAREEL R on; (Hn; ESBERBE .
4.2 Besov Zg)

B T B sk, fE—BSEhRREXAEERIERSE, A B 8 E
4, HILLAGIA Tohnson Fl Wallin 1011 25Ky Besov ZE[H],

A E R R" Hffj—4~ Borel %8, mp & D-# Hausdorff WEE., MRFLEFHC. MC,
f#15

Cir?<mp(ENBx,r))<C,r?, X} 2€E, 1€ (0,1) (35)
Bar, BRE S D-4, o<D<a, Ye>0, 0<S<<oo, FE Y z,ycQ H lz-y|<d B,
FE—AEBs By WEARE LY TEHERKyCQ, HE

(i) In<lz-yl/e A

(ii) dz, D) =ela~zlly—z|/|z-yl, X} z€7
X R® (T E @ Q BRN (6,0 - KR, N1 dG, D) RN zc R BITWEER, B(x,r)
RRFPL e RER e B o-4EHR,

R FHEFHEFE Markov A%ER, MEMERSE L FEFEE C=CF,n,kb) &

max |vp| <& max |p|
NB T"FNB
XA pE Py BPiF B=B(z,r), € F, r<1 3.

B 4.1, FHFQRGEH-KE, W QRE—4n-8, HWRE—/DHE, D=n.

TEB . PAXT e, <e }& 8,<<6, (¢,8) - R A (¢,,8) - K, oEM c<2H20<tdlam(
(QIER)., Br<éHWM2€Q, MEE yEQNIB@,r) . FETFRF d1amQ<2, <20,
H(6,0) - KT E B r, MBFE zEr, i l2~2i=7/23F0 ly-2l=r/2, HEEMN (¢,0)-
RIBEEN (i) B dz, Dy >er/d, B r <ir/i0 B(z,r)CQ, HET e<2,

BG,r)°Bl2,r/2) DB(z,er/4)
T8

m, (QNB,r))=m,(B(z,r)) =Cr}
& ri>erfdy X D=n, 2CQ K 0<r<d ERMHARN (35) WA M b, XLl 7 X
0<r<<1 BHALIKLE L.

&H 4.2, SFREMHD-4£, D>n—1, MFHERHE Markov R%R,

1 1 —A Lipschitz KIFQR: (6,8) - XK, HMEME 4.1 HRE—1a-F, HRITX
Q I—AAE A, W QPR n-fE, HARR (6,0)-Kiks FHRIIXFQIM—AFh8E R, MQRE
n-4,

Bl 2 4 QcR*E Koch BHASEKE, MATHBERL QN (c,0)-Kif, tWaHEIEH
I'=3Q &—AD-%, D=1logd/log3, MIHMME 4.2, &% Markov A%ERK.

WMERMNAL WIR™) PEEND-EFNBEH. I, BEFRHER Markov 1%
KA D-%, WiIR"XTFHBRERINEGENK Besov =], AH—MEEME% r F = %
FoR B® W IF B LB 7 A A, XA R R 5RE TARERE T EAERNE
B, BP.MFR7 LERENRHEHELESOBES

Pr(m)={Sm: S |oCP:s WAE Qcx}
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Her S o £ S X Q MZEKAK.

& F f& B 4% Markov R % 3 i B D-% w=mplp, B)XEJFH Borel $£E, u(E
=mp(ENF), #H a>0,1<p,q<co, WMRFEL? (w) X FEIEHFEI(C )T, FHEECH !
< ooy Xﬁﬁ/l\ﬁ-ﬁﬂéﬁ z-v’ ”=0’1’2""EQMTE’ &ﬁs(”)gpfaz(ﬂ) iﬁ/@

[f= Sy <C,277° (36)

W f BT Besov F[a Biy(F).
X fH BY(F) MTEECH
1] Loy = inECECEHVE

A inf BRXMPTHRFIIC, RER.
ALEHRTAREX f€ L (R KT ECR” 8., WMRBER

— 1 1
= ltTm(B(z’T))j/B(Z;f

TE7E, WFR f REP M HIE XFE « k. M Lebesgue B BMFER H f = JLFAEAER. £ @
FFERIEE AR 2CE F, fXE RS fl: THER (fle) @ =f@ KEX, MEHMS =
T X,

EBE 4110, AFRD-4, 0<D<n, fFFEMarkov AER, 1<p<oo, b HIEEH
HHB=k— (a-D)/p>0, MBHET fl>flr B— TN ARKHEHRS WIRH>Bp'(F> &
HAE—-NMHREHLY ¢« (BHRETD.

AR By (FYRWL(R™ T FHEER, 8k WiIR" ) ip=Ep'(F), HiED

(1) ZEBRSWEIRT fle 7£EF L D-JLFAILHFE XS

(2) B 4.1 BEETSHEW,
(3) YO RBEEEN, Bp(F)NEUMERE 4.1 MIEHRERR,

EE 4,217, S QR (6.0 -KiR, 1<p<oo, kNI REHK, WEE-NTERLRHEE
WHTF e WiQ—>WIR" g eflo=fEQPXNHE fFEWL(Q) JLFL R,

XAEEA T (6,0) - KI5,

4.3 SEiBR

ik QCR HEHFHRTHFA T4, BETRABFSEDC - 1,0)HAEHR. LP(Q)

HPBERtESH, WIQONEELHFE @2° K Sobolev ZH;

)f(y)dy (37)

Wi(Q)={uwuc L?*(Q), @ “ucL*(Q), la|=a,+- +a,<k} (38)
RBuNBLRE., 7£ Sobolev ZHIBHTE BN
1r
ull,e = > o]
" (o<1a1<k "p) (39

BEHR (37, MEHR
- 1
u(e) = 1155 m(B(z,r) N Q) IBQ:,T) N

B, MUueLU(Q) MAETHELER2CQUT L, XP m(BG,n N KR B@,n 5§
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QI ERER., XRERITRA E X v 7:T Lk
ulr (@) =u(x) (40)
KRPOBEE U@ TV ee T L, TERREWMBED, MBI o, BHEH H(Q) hinH
(H'} Sobolev Z5[a] W1(Q)), Sobolev ZE[d] HY*(I) Esa R B ERER, HVX(DK
XHEaE H V() BREH Si=0i5n; (,j=1,,n) FFEZHE. WETEEGS4D,
M BG u, € H(Q) 7E HVX(D) PAREE B u; 1 r. BWBENFE Besov ZfH B2 (I') 8=
1-(e—D)/2).:
Tru€ Wi(Q)—>ul € B (I) (41)

HATE (36) , MBPVEL ()R B (I (@>0, 1<p, g<o) PHITERM—HAERK

5| {C.}(r=0,,00) ffif} (2CHVI<oo, R

HV—S(JT)HLP(I-)<C,2'"" (42)
R (42) ZBEERETVESELR T LOTEHE. VEB MERELN
V1= Vllps ) +inf (CHHVE (43)

2 T LR AR B A T RE R ) (CL )
RIE EENM, ARRENTFREG SN RNREYK QCR®, HARMBY
u, €BL(D), 5=1—(3—D)/2=D—;1~ (44)
MR TN DE (2,8), AREH S BT By (D) WXEZEE By (DY, KK
T BAS4E DE (1,2) MRS QCR®, HaRMBY

u, €Bp (D), f=2--Dyj2=Lr2 (45)

TAERFEHR LWL LT 21D KxEER., aRESRTER By (D)., E&
BESBSPOREART, D=2 (KX D=1 (BLHR), WK (44) 1 45) &K
BIRP &g m| HV2 (D) 3§ HY* (D),
4.4 HEHE

ik QCR® AFHHD, kR D-EK, o<D<a., MERX (37) BRBEFEETE, RA]
HUERsCQPIREX R FELL (R, FH, MR F@)FEMNE, RIMNTEX f x4
T QHBRE flo A ™

flg(=)=f(il') (46)
BiER 4.1, WNTHBE QHBET Tr. f-fi. HH
Tre fEWI(R")—>B4*(Q), f= K- "‘p” >0 (47)

XANERTHAREXES B, QCR® FHNAERE, FELERN ¢; € L*(RY), RGN
(46) TTLLRMER R AERE €] MEX., TRHAT L*(R") =Wi(R"), RITFEERER
(46) FE X AEFKEF) Besov =], BH k=0,p=2,n=3 R DC (2,3), X (47) K

8<0, KL HRBABETR (45) 1 (37) EKEX., XFTRMUEM B Bu,, WE

DE(2,3) , u; CWI(R®), u;|o & Besov Z[H] B} *(Q) KITGE, HH
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gu1-8=D _ D=1

= 0
2 2 =

MTFREERERH, v €WIED 0>, MEHELBYE 1, € By @ (F=1- 225>,

B p>2 Bl p+ D>3).

4.5

WP R ERRE

RN BRI R BT YHEE PN 8 (diffusion) B £, B & 8 R HE N

FO)<o Py RA B F AR H, ILRFI] (F.} RRRELRH, HRUTH 3 WK
RY n>occ it H F,—~F, XG—AF., ZEIESERE, BHEfwTH GREERXY
JESCT,

5‘;= -4, grad F,(0), F, (0)<0, 1,20, 1,F,(6)=0 (48)

P P R, e R IR f Ak BRATAY

Er€EN,,.(0) (49)

A Nuw 2 Ky={0. F(0)<0} EROLKINARE. ERDY 0 LZBKH (n>00),
BEEL TR —BRBAR—EHE. XRETESIFRBNEMBERIMEBEMS SRS
BEAT MY,

Ssooo\wo«mawmo—

—
—

[
N
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MATHEMATICAL FOUNDATION OF FRACTAL MECHANICS

Xie Heping

Instite of Fractal Mechanics, China University of Min, & Tech., Beijing 100083
Laboratory for Nonlinear Mechanics of Continuous Media,
Institute of Mechanics, CAS, Beijing 100080

Abstract Mechanics based on a fractal dimension space is defined as fractal
mechanics, According to fractal theory, fractal mechanics should be described
by introducing new space concepts and new mathematical tools, In this paper,
space, measurc and dimension are first introduced, Fractal space, Besov space
and the method of fractal interpolation function arc then described in details,

Moreover,the definition of mechanical quantities and laws on a fractal boundary

and a fractal body is discussed,

Keywords fractal mechanicss Besov spacey fractal interpolation
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