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BB EMRHE

IhE

B fF

¥R RN N AR S U5, kg 200072

W E BAARTHEEMET Voronoi BN Delaunay =MMAJUAEEH, DL A K U 14 Rl B —Fhopr
BETTE. REERA LMK EMERE R BRI, O0IRT P2 — g ps, R—MoR BT MRk
WA TR BETTEE. B AT INIE 8O R 5, T DUECR R TiE — R E BN AR LA R 4, TETESE
TR RN R G KL R T ES GBI AR SL A5 WA, BT B AR TR M T, AT DT b
A B IT T IR B AL B — S ), B AR A R AN K AR B A . B AR BT S A 7T v i B AR X T I
FEA AR, KBRS ERT Galerkin 337, BB HET Voronoi £ B A H T Galerkin . HAR4
FIEEA HR4E 5 Sibson fi{E Laplace #{E (3k Sibson #{f) Pifh. Laplace #H{E L Sibson HEEHH L
KL, FHEHARX M e N ) XA A W A< Bt 45 4. DL Laplace i AR 6 0 B AR BT TE R
L BB Sibson #HEARMEN B AR THER . RO ET Voronoi £5# 1 B R4 AU B R BT
EABBETNE, SRTHEHAART BRRTHERPIRRE, BT 8RR TTHE: 0L R TN T U 8.

ES: 40

1 5]

i

LW R = TR B T B R
A ARG (FEM)2, R4 % (FDM)E fiid
Rtk (BEM)U 2. Kpil RA RITHIEAE ¥ KT
BRI R EEEERER B, Hleesig
BLRl AR A v BB KRS T R, R AL
PR AT DRI . T AR T, ARESE
AT SRR DB WA R 43, R HERAY R, K
ARTE N Bl AH I R ) B AL B b, AR HEAT R A
B, BRKBEMADMY S T A5 RR
X— WM, — S BUE 73 NGB T AR, ) 0 T M ks
Galerkin %54 ff T R 4% 5 i B~ i BN T
BEIFRRE B M R TE Rk TR DU IR
AR T MR AR M B i S, LR T I A 7 s 1 e K
MR EEER M. —HRREB RN k@ E
RITE MRS 7 ¥, BT TR R BN R PR, 3 RA
JB 520 5 4 At Wt A iy R e (25160

H R ¥ (natural element method, NEM) &

Wk H 8 : 2003-09-22, &8 H 1 : 2004-06-02

Voronoi B, Delaunay = A, 8 &A% 54EME, B RELK

I 10 48 K J ke SR i — iR 48043 7 R I B B BUE T
¥, i1 J. Braun 1 M. Sambridge T 1995 £ & 56 H
Fars 7. HRYSTIERE T A € R Voronoi
g5, LB RAR S 1E A iUk 2 Galerkin JF
B HEEEA LRI EME R TEmIR, ok
T ZHEARR, B—F R AT ) W R K% =R
B LRRE AR o $50 93 75 7 B B 1 T 5.

2 Voronoi B 5 Delaunay =k

Voronoi B (Voronoi diagram) K H %f{f Delau-
nay =it (Delaunay triangulation) KJHE&K B T
TEIUAT, R — 4R RN 5 S e A i LA
4i¥.  Voronoi B i) — ¥t & X 181

B S ={p,qr--} AER R ZERKH—LARF
WRESR, XT p,qc R, A2 d(p,q) A p,q P HIRK
IRERES, 12 Pg A pg PIRAIERE, &6 A WHAE
fE A W FAEEK pge S

B(p,q) = {z € RYd(z,p) = d(,q)} (1)
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A pq WEET-5 (8) FEi. Blp,q) K5 HA
B R p K2

D(p,q) = {z € R"d(z,p) < d(z,q)}  (2)
LS g KRN

D(g¢,p) = {x € R'd(z,q) < d(z,p)}  (3)
®oN

D(p,q) AXMTHESE S WHA p K
q4€S,q#p

Voronoi H.Jfl (Voronoi cell), i24E VR(p, S). # V(S)
A4S S 1 Voronoi F, H

viS)= |J VR®S(\VR@S @
D,4ES,pFq
B _E & S — B Voronoi &, R AT DL X
BB Voronoi .
fE S, PSR ESER n DMEBCT A
£E S={z1,20,..., 2.}, BAEBEWT R 2, 2;(0 # J)
M3 B P £, %3 E T SoR T TN R 23
BET Rz, 20 £ ) FPH, WEH 2 A EF
TH] F SR J— ™ 2 30 T8 DX (B P R BTSSR 1),

B
[ ]
A
N
|
,

(c) Delaunay 4hH

B 5t 3 5 5 z; B9 Voronoi HLfg (XA #R A Voronoi
L), WK 1(a) Fizm. XN T A 2; B Voronoi
AL AT A LA

T; = {z € R?|d(z,z;) < d(z,;),Yi #5} (5)

WA, XN THEE S KA p ) Voronoi
B R AR A AR, BEEY R p BRI AR

A

P~ Voronoi HMd i~ IH R, BRYE Voronoi
i21. Voronoi i1 K3 &, #RAE Voronoi TH . Voronoi
T s 3 ANE 3 ANEA_E Voronoi B F A 343 5L

HES S BTA Voronoi 14 i) EE, #RIE
Voronoi . £ LK 1(b).

$ B A LRI A Voronoi HL X N [ 15 5 4%
BIMRH =M, FR{E Delaunay =fE. P3|
K =T M PR A Delaunay ik (=M 4L) (Delau-
nay tessellation or triangulation). Delaunay =ik
% Voronoi KX, HE&XE, MW ARAE—%
Delaunay 344 HAL 243X B9 s Voronoi M Jfg B
£ 3 [F Voronoi #1. ZE 1(c), B 1(d).

(b) 7 ¥ 4 Voronoi H

(d) Delaunay =#1t

B 1 Voronoi E#F1 Delaunay =1k
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Delaunay =M H R DNERMER, HAEAR
PO RAAEEER: (1) BREDNAMS: £
BET RITERERKN=/AEY, Delaunay =
BB RN (2) SHMERMER: & DT (p, q,7) 2
WHEES S — Delaunay =/, W DT(p,q,r)
MM BERARMA S HHES S B HAlA.

— N5 E 41 Voronoi B & ME— B9, {H 2 H X
Delaunay Sk =AME—/K (B0, 4 D ELEH—
A Delaunay BB — NG, HAEEX M %X 5
1 = TEHE 2 2% B9 Delaunay =#7B).

%t Voronoi E5 Delaunay = 4t ) 3% 41 1 5t
A RE ., IS0 3CHER [19~30].

3 BARMAFEE

HR 4K S {H (natural neighbor interpolation)
REHRBTENZEL. NTEANTH 2 WS, HA
RS EIE L S E 955 « 1 Voronoi HJfIAH 2B
i) Voronoi i fir & )35 5. “4ERITETE A 2(a)

Fis BU W 1 AR AN 2,3,4,6,7. £
LBt S, ATEUR A Delaunay = f4k 1) =S 52 R
PERT, BT M z AR AL WE A z &N De-
launay =¥ DT (p,q,7) BISMERA, W p,q,r A
Tz AR, RIEERM MBS, TR
38 — 0 ) 8 4 (i A% =X

XB, flo) REEES - WYHEE, TREA2NE
RWEHIFS, nEic BRBAWANE, f1 £A
R T B R, or(c) BXNIT A T BHEE
HERH BRE), X2 HARMAHEME ARKEE
R BUE R R B ARE SHEE. BRI EEA
) H SRR M ALBR B2, S22 T Voronoi EFl Delau-
nay =K —DNIUATEE, & Sibson T 1980
G BA, 72 B T EILAT, B 5 Ak B
BERRGFOE. HEELRBOAR, BREN
JE{EE 4> 4 Sibson i {E 1 Laplace ffifH 133

(a) 7 5/ Voronoi B

3.1 Sibson ¥HE
Sibson 4 fE & F| FH H SR 48 =AM bR A 47 18 5 56 2
B BERSEME. T PENAES

S =A{z1,22, -, xm}

MBI A o J5, aTLARREE S Su{z} 1 Voronoi
K. 4 S K Voronoi i 544 SU{z} K Voronoi
L A (4 TR ALY A = I B Voronoi Hiff (£
ZE 2(b) FHIZIATE abed).

Z_Br Voronoi HiJfl Ty BI85 SCA

Try = {CU S R2|d(m,x1) < d(m,CUJ)
<dz,zx), VK #£1,J} (1)

Sibson FJH [ Voronoi IS A BSR4 S AL

(b) XF = B =Fr Voronoi &

REHES B2 & k(2) Ml kr(z) 53314 Voronoi #
T, F1 Tpr W Lebesgue MIBE (FE— 4k, 4R =4 4
WA T AR RR), 72 — 4 =S, 12 A(z) = k(z),
Ar(z) = kr(x). TR 2 XXNTE I HMEARMEKE
RAB AR, & XA Voronoi MLl T,; Fl T, HITHER
Z

AI(CU)

o1@) = Zy A@) =) Asl@)  (8)
J=1

XETNANLIE n,n ATWE 2 BERBEEE. Bl
FERE 2 W, As(z) AVUHTE cdef I, A(z) A
PU3ATE abed ) TE .
FIH B R4 FADR ¢r(z), Sibson 4 {8 48 (4%
Ei W)
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Ma) =Y ¢r(@)ur 9)
I=1

Her, or(z) ARA B RLB A IB K (natural neigh-
bor shape function).

Sibson [H 4R 4B T oF H ) 1 5T -

(1) HEARAMAERBEXL, BAF

0<¢r(x) <1, ¢r(xy) =101,

(2) 2 Bhr ok T, B
> di(@) =
I=1

(3) Stk e stk

T = Zqﬁ;(m)m;
I=1

(4) eIk B ARAR ST R B BR AT ARSI X I
2 C™ Wy, EfEAR CO .

(5) ZEMMIX A A, Sibson i fH J&: 2 MRS
.

LL_EA41 K Sibson #i{H & H I R BRI, AT
DLHE ) B AR R 4 == 1A).

3.2 Laplace #H{E

Laplace $f{& B Belikov 2& [34~36] D % Hiyoshi
il Sugiharal37~40 4 S H.  Belikov Z8¥ H A& 4
4k Sibson {8, Hiyoshi il Sugihara R ILZIFHES
Laplace 77 FE & VIR, ¥ H w41 A Laplace #{H.

XBEEATRAEH R 2.
g «3
m\"”“f’/“ -
™~ H
\ f"‘ \mw
& 1

(2)

Xt F P4~ Voronoi HiJfl Ty, Ty, & X
Liy= {CU ET]QTJ,I# J}

Ty = TruoT; A Tr WM. WE dxr,zy) #0,
Jillg<)

|L1J|€UJ _ [ |L1,] ] (10)

d(zr,xr) d (xr, )
J;u

FAHL Eie5, Laplace {8 B e LA
¢r(z) = n|L“|/d(x’mI)

D |Lasl/d(@, )
J=1

(11)

X F = 4E=Sa], Laplace fiEEREIE XA
ar() s1(x)

$1(z) = ", ay(z) = (12)
J2::1 a'](x) hl(m)

Hrr, sp(z) 25K T KRB Voronoi 4 K,
hi(z) Z4E{E 5 = B35 4 I B Voronoi 341 ) I H #H B
(& 3).

Laplace 1 {5 J& i 00 &£ Sibson 15 {6 JE bk £ 1)
PEBT (1)~(3), (5).

Laplace F1 Sibson {8 J¥ o i) o< 68 X 51 76 T
FORWPE.  Sibson 4 {H B bR B 7EBR 5 R A ) X S
C™ 1y, FE75 540 C° 15 SR Laplace {8 ¥ i
HAe 45 A AR I Delaunay B A _E#B8E C° iy BT 5
4b,  Sibson i fH R T4 X, Laplace 4 fE Xt
Fak X 0 R R R g 58

&l 3 Laplace ffH

3.3 BRMPABEMFARIIK

Sibson i {H J& 6 (Al Laplace H{EE R EA
M %34 (B 41,

Sibson fHEFEME —Fr Voronoi &, T
Laplace #f{HA|FH Voronoi .1 i34 4 Fl 51 F
. 440 -

Voronoi 371 ) #F B F) 35 (H 2L R 8, {8 Laplace #
T I Sibson fHEZE KA F 1L, fE=4E= I
AR, Sibson fEE 75 M X ) 30 SR 2 R RS 1
y, {HREXS T MR, HEE K. AR
Laplace ffH W] Bt X MR E, ERH Laplace



8, BT LA G G A i SR 4 A
1997 4 Belikov & H A& fE# B4~361 I\ B4R ol
w585 75 FE 00 F R BT i B R 3, v 2 A E

* * * - -
* (Ag/ - N}Zj‘ - “9\ -
( ()

i \AS

(b) Sibson & E %

Sibson #ifH, FIEA T8 T A MK 2 AIH R BT,
HHTIFEZERNLER.
1999 4 Sugihara F1 Hiyoshil33:37~40] JA 3442 J1,

(c) Laplace B R ¥

& 4 Sibson #il Laplace & & ¥

T MR T 5 Belikov %78 2 A [ B 46 (H B B8
., RH Belikov AR #7578 UE# Laplace {H ¥ K
Bt BT, 763 [37) it T Laplace i {E 7E Delau-
nay ER_E B9 S £E3C [38] 1 ff Laplace i {HHfE)
FIAE T4 =m0 ot v R A A A B AR [39] H
# Laplace ff{E#E)" F| 3T 2 Bt Voronoi B fH; 7
3 [40] Hks B ARAE R BIBEEHET BRI AL (star-
shape neighbor), % H T 2 F B A8 & i K,
HIEX S Laplace ffE#E X582 AHE, HAU AL TR
145 AR A1) Voronoi B IIH)3E & AUER K, ETB4LS
FUR (A A% AR AR AR 5.

Sukumar 2 B1.41~48] 54 Sihson FiI Laplace {4
141 JE oR B % -5 B0 P SR BB o SR T AR T 4
MIBFST, Al T RERB R SHE AL MER
thig.  Farinl* ¥ Sibson # C° H RS SIHHETE &
¥k A Bernstain-Bezier I, WEH C! HEK
#K; Gross il Farinl® ¥ Sibson i #E) ) —4L K
2. Boissonnat 2 152 42y A b i
HAREE S AR, FENAH TR R EA.  Anton
25 1531 g | SRR AR N T 4 R B EH. Wat-
son % B35 LT N AEERTE b1 E AR A8 AU 1.
OwensP® BF5E T [ SR 48 986 1 76 = 24 ) JB A 40025
Amidror®7 Xt HUEL B4 8 1O A AT T i T = A
B B & i W0 RE B IBUE . FR Rk
FI B SRAE AR EAE T BER, X & i 8 77 ¥ i At
BenifETIFIE.  Meijering!™®) 4 i 88 16 i) KSR i
SAET WS, I T i B AR KA B R R
TR, HOCHEA 358 SIS 3CHR.  Brownl™l 4
HE T AR AR R O 3 S TR L AL B AR AR
RIWTTEE, FFUEMILE 3 M EARMWAEI T, Sibson

H AR AR SN T = A IB L AR,

B2, BARAR R (0 T BOEL B R (R BT R,
HATZEF ENULM, BB B, B RS, He
T P T RESRIG AN Sy # R G R EE
fEM.

4 BRBETE

Braun 5 Sambridge'” 1995 4£7E Nature b %
ZF K € A numerical method for solving partial differ-
ential equations on highly irregular evolving grids »
—X, & HRPITEITIT R BEEPE SR, B — kit
HAR¥IGE: (natural element method) B . &
Aor K E R AR Ny () fEAREERE, B
5 B ARAE A A TR 00 75 12 i B SR AR

HRBTERBARTAENEST, XHFAR
4B 5 A BR G  (natural neighbor finite elements
method)®! & FK. MG, HARMTIHEEET
Voronoi E# Delaunay =4k, Ll E RS SIEMEE
A1 3 R ) SR AR 090 75 T FR) B 1 T s
4.1 BRETZEHEXRFRE

FRPE ) F B AR TR A — IR 4 77 R

Oji5 + b; =0 in 2
on I, (13)

Uz’:’L_l/i
t,' = 0jiNj :LT,' on Ft

HAME RS FHEXA: RueV, FH
/ o(u):e(v)d =
Q
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/b-vdﬂ+/ i-vdl, Yo eV,
¢ f (14)

Hi, u ANBRARE, v ARFNBEE, V.V
3530 o X B 50 IV R A 36 R s T

Galerkin S5 R KBEME R A: Ku e VI CV,
75

/ o(u):e(@™)dn =
2

/b-vhdﬂJr/ t-ohdr
2 Iy

Vol € Vi C Vo (15)

He, o ANBREH, o ARFNBEE,
VL Ve AV, Vo KA R4 TR 7E AR R
TR, 32 B B E) AR 56 5K H = 1R AT LAy AH [R] B
SR F =SR], AT B AN ] fR) R s ).

FIFH B AR5 50 SR S Oy 2 ) R i B A B
jb [31]:

(1) FEsK M X AL A FAEREECE T35 4, 3
B X B S 4 R Voronoi B F Delaunay = £ 4k
W 5

(2) WIELB (1) MR, HEHERR AR
RIS B ARAR S AR R, ) 3 4 1E R 3L

n n
h h
uh =3 " giu, 0" =) ¢
i=1 =1

Hor wg, v A RBET S AL E;

(3) K EH R BAAR S BEHIEX, BH—1TEK
HRBTEAIH KRB,
42 BRETZFHMRHRE

B 1995 4 Braun il Sambridgel'” $2H {5 #
JG¥EBAK, B Voronoi B2 JUAAI Bl i) B {E 77 ¥ 76
WAME B K K. P2 PRI, FHEARE
) TR AR GIRE R — € R M.

Sambridge il Braun 265 F Sibson #H{H K H
AR BALTT IR T SRR T i OIS BRI ) A% FT D G S
Jikg 0T 3R T R p e 60 #E 3 [61]
H, WESE T B ARAE R A = e R B BUE v ET
%, Rl T ARM A ET M TARITE, R

Sukumar Z£4E 3C [31,41, 42] #{E Sibson i {E #%
I B AR B n i B T e s O el B T 5T
WS FRUE R Galerkin 33 P2 75 3 B B 2R 1t 7 RE 4,
4 TR R B R R EO L T B R S, I
. 442 -

XEEA B AN E SRR AR Ik (FFAERE) 1, BA
BTN 77 AE T4 e, AR [43]) Hril
¥ Sibson H R 4K s AL BRIk A Bernstein-Bezier %
Wi, HEHEE O BB R SHEM, E A
Mo T RO RS B, RN TR Y
W S o3 J5 R, #ESC [44] A A Laplace $ A% 3(
) Galerkin s, Kk M 27 i) RS AV 15 22 fi
W77 #8; Laplace #fH KM GAAET HAHMEE T
Sibson #fE, FF ELXF T 0 F R N B DX I B A8 A
M A BUA R % BT Laplace fi{E I A A H oo
BER DU S PR e Se B o4 M &, BE R 4 B
Mg, T5 R — LA 2% n) .

FOKE. Kete, TREETARMREMULE
BRHR B T — i TSR S g 2 ST THT R F) T
¥ 5B Petrov-Galerkin 77 % 1621, 32 77 ¥k B I sk ¢
BB, RAHKZ Sibson fFHEMEN, B
) 2% 455 R B 2 AR TR R )

SRARER, RITH 63 %t Sibson 16 i % bR H iy 1
BUHAT TS, 4 T R B — B S0 — Fif 2
Fik A R H A, FE H N T E AR 22
B

Cueto % [64~67] R T [ SR B 563 AR A BH R
FAFRIBEINTT ¥ AE3C [67) H X B AR H15T Galerkin 32
MBFERERAE T 4538, #8 T B A ¥ 0 Galerkin ¥
MR AR BRI B M T BT, 4 T AR A O R
WA 127 v N B LA

£, Sukumar®” ¥ Voronoi M.JuF1 B SR 48
SR ) R N A TSR AR AE R R YT BT
WA 207, $#R_IT Voronoi HfIA [ 227k

(voronoi cell finite difference method).

4.3 BRERTZE. ARTEMEIMIE Galerkin 75
% By P~

Ao (FEM) £ 30 B4 R i1,
RKEHRTEWMBE T ERRTEDRETEFEXE
R R EL, BB s ZRER. B AR ITHE
(NEM) 1 Jay &R ¥ {8 &2 F 15 5 B Voronoi 5. =
ARy

(1) BARBOTEAA BT KB R B E ALK
PERT, fE—4EM5 00 T RE AR K, HaEER S5
A FUL R AR M AR 75 8. TRk Galerkin J7
2 (EFG) Rl B AR AR E, B e 2 A5
BFRFAFN, FHEEMH Lagrange R FIEHSH BT
B A .



(2) A FRIGHEA B AR L OTIE B ARALE W RS 25 14
(ZAALWIRE), T W% 5 32 BORS BEARBE T 19 R 23 A
FIEA RSB m AL R &L

(3) 3 NI / AR B B A R
PE.

(4) A BRuiER A Z W E A IR B, HE
FEHEA X Ry, BRIRBATT AT AR BB 40 R B A
T (FEBLERS BERIBRWT IR 22V B A); SR, AR
FOTHEMT ML IR — AN R LT, H %
FEFR A — K A .

(5) TMBILEESE R IR FR0AE
FRotRE C° Iy, HARHIGH: (Sibson HMEM ) 1K
ORI B BRAE T AL R C° Sk, BRI R C 1.

AU B BUE 7 B B AT AT R AT R P A B R
HE. ARIGERT B BRI p RS, TR
PRAEEEARKERE S, ERMEETERZK
THBITE. BRBTTHERNREBITERE: () A
Voronoi K35, (b)) BRA KR,

B R ILE R —FhE T Voronoi B F1 Delaunay
ZMWIUAT L, LL A ARAE I 18 A 3K R B — A
RBUSR WA 5 77 FR R BUE T 5. B AR BT KT iR 4L
Wi A MEBT, AT DR B o s — i L A ik
REM, NEAEET B35/ R4l & 1 0 M T7
ASBE B HE B INA BUA R S I HE R BT B ARG
R TC PR T5 ¥, BT BATT (3 Ak B A BR o0 77 ¥R 5 M A B K
— UL, F B LR IRy R . H
B AR TTEEEA A RnE AT M IR, X
R TRER—SARE. ARG S KA BE 77 &
) B AR AR X 7 T A B =X AN ] % B AR A8 S
AT Galerkin 1372, S F|ET Voronoi 45 [
B SR H50 Galerkin 2.

15451 A AR WG & LA Sibson i {8 4 3T ALl bR X
K, Laplace {8 It Sibson {873+ & _F B fif M1
%, FF BATEXT M i EE Y R DX R e RS 6 i A<
BB R %A, HABE R N NA R E L R

HT AR P OTE PRI N E R A 4
R, =4 TR KR, B B, BEETR
ZHEN YR BREN, HRAE=4H, XK=
faflt (WEfE) B s RERNE, JEEE=4
i R F, DI PO T AL AT B AR AR SRR R A 2 1R

HEFE K, RBFTEE, BOBHEMNE, 2—1F
FEORYE B ] .
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ADVANCES IN NATURAL ELEMENT METHOD

WANG Zhaoqging FENG Wei

Shanghai Institute of Applied Mathematics and Mechanics, Shanghai University, Shanghai 200072, China

Abstract The natural element method (NEM) is a new numerical computational method based on Voronoi
diagram and Delaunay triangulation. It is a Galerkin-based meshless method that is built upon the notion of the
natural neighbor interpolation. The natural element method has advantages of both finite element method and
meshless method, and does not have their disadvantages. As its shape functions satisfy interpolating properties,
the natural element method is similar to the finite element method and can exactly interpolate piece-wise linear
boundary conditions. The meshless methods, based on moving least square approximation as trial and test
functions, can always exactly reproduce essential boundary conditions. As a meshless method, the natural
element method can easily treat some problems, such as moving boundary and large deformation problems,
which finite element method is difficult to treat. The essential difference of the natural element method and
other numerical methods is their trial and test functions. Using the natural neighbor interpolation in a Galerkin
procedure, we obtain the natural element Galerkin method based on Voronoi Structure. There are two natural
neighbor interpolants: natural neighbor-based Sibson interpolation and Laplace interpolation (non-Sibsonian
interpolation). Laplace interpolation is easier than Sibson interpolation in computation. In its numerical
implementation, the natural element method based on Laplace interpolation as trial and test functions is easier
than that based on Sibson interpolation. In this paper, the basic ideas of natural neighbor-based interpolation
and the natural element method based on Voronoi structure are presented. The recent advances in the natural
neighbor interpolation and the natural element method are reviewed. Some problems that have to be solved for

NEM in the future are discussed.

Keywords voronoi diagram, delaunay triangulation, natural neighbor interpolation, natural element method
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