%3145 F3p h % # B Vol.31 No.3
2001 %8 f] 25 A ADVANCES IN MECHANICS Aug.25, 2001

FRNNERITEHARIHER

oL

REE TERMERZER, REREAHT 02139

W E NETRIEGRIFEFRIENSERRSRE, MESKRENAIFRTTENEE.
R R3PS R PR LA

X®iE RXA, Lok, KELH, ShRMH, BESH

1 5]

HE) 1960 AT, GBI A RoTIEEL T A8 AR M. NI RE
SHERREFEARRRRSRE — A RRESERENHAT, KPBRENLBHERL
BOTHRRTRIK A - RRIEREEERFET. HrhBE RN TR W R BT
AR FITR KR 0 P4, 7E 1964 SERIMH I — ML R RBERERE. AR RER
L P9 3P4 O B FIAR AR ST R R RS AL . BTE & A2 38 5t (9. 23R R i Hellinger-
Reissner JE# W AT AR @V A FROTEE. B EUY S5 AEMBRRAHHR ST, B
P RUN B ARAREOBTAMDRERERFENRZE LB FXRER, RHEMLK
Z3ZTuR AT LAMR 3 Hellinger-Reissner [RERHERE). 4 THAREG TR, RTTEKENRH
ZRBRNEHER, HEREREN, REUWSUBARNBERTE. BAFRTATEL
RECBSN S, BABSNARKARN R, P AT BAX 5 A 332 M AH BRI S RN
ARLE. —AOBEAXERTENBREMTAEN (FEHAREMT SR TTEY W

AU RS RRAERL Tk HIAL . 5B WA R R AR 43 SR B v SRR A PR T
. FFFIH LRI N ST PR LA

mit

2 RIZFRTEMEILE
BYERNARITERBERCHONIEERE. BoKNERE U bW a8 g £5
U=(1/2)q"kq (1)

ke A 5. 5T R B AR .
BREMFRTHRITHEY, RREBRERTANT o FEF SR T REFHE, HAEH
RREIRE KRBT A

g = /V %UTSadV -/ T ads = -U = Bl (2)

A3CF 2001-06-18 43|
- 344 -



K U N BTN, o AR, T AURNGE, T=vo,v JLREEARE, u
A ERLFALE.

ARIUFIRE, A m ARNSH B RRBN 4R o, AN ANY ¢ RRBLFNY .
PRt R TR AERNE B 5 ¢ HEERERXGTLAE g5 6 MXR. ENTNKES
FERTLAREI TR (1) B R A0 B TR BEAE RS k.

RN SRV R R TR, RASRIEDR EEmMROESEHE (C! Eih), &
PR TTHTE DL SRR, B — A A RSN S TE IR RAREE T PR G 4T . Rk KBS
RATTAEFENA ERERA. frT AR BRI T — S BYE] A R AN AT 4R 4
B35,

RARGERER VAT — M RA TR FEES, FORANARREERE. AR
REFI 52 PR

3 RIEMHAMTENEL
SRV AT M BAEYHE, A Hellinger-Reissener JHZ I FER A

My = /V , [%GTSO' + aT(Du)] dv — /a y TT(u - w)dS = BE{H (3)

K, uw AWM, @ HaFas

u—T=uy= FEPRANE (4)

NAERSHBREN
€= Du (5)

iR B o3 et
o =Pg3 (6)
u= Ngq (M

HIEE K] Hellinger-Reissner Z R&MRE ¢ 55 B WXFE. WM B /5, WTLABRISITRIE
5ERE k.

F Hellinger-Reissner 3 # 3 BT RIBRERE R — MU A, BEN N1 LB R FHE &4
B, UASSERBYAHANNGEET. KEEENKAN, TLORAEYN 508
T3 2 B K . 5T

Bl A BN S8 A A S MY S (PR RS, NSNS
—R Y, FUMHABR—K). BREFRE (1) FRMBREvEe&s, BnmEmndk
AR ua, BB (3) WEZ R ET Yy

IIgp = /Ve [— -;—O’TSO' + 0T (Du,) - (DTa')Tu,\] dv (8
EE, 8 v TS HARENH

] / (DTo)TupydV =0 9

RRGEZNAERSELTHEPEESE. TLUSEARARAGRAN AT, KEHFER
(2) B3 HEHE S B TR BE AR R

« 345 -



1984 4F Pian fl Sumiharall BRI, B8 —MESIBEN 4 ¥ 8 FEAZER A TT.
A EHEF IR FEMABIN BT LA E.  Tian FAMIETTEEE SR KR
BRI 18], Pian Fl Tong!® SO LT 205 4 1 BUAS (4 132 7 3G

T —
9 /V o™ (Du)dv =0 (10)

SRERSLPEREMARI 8 W ROLEHRAETT. FAb—MERBEN WK ERERE TR NSl
R ASEHRNE v MBHETE 10,

F30 B 7 I M B S T A R 4§ A ek (1, BRI S R o B T AN AR LR, B
AT R B i Hellinger-Reissner 77 i

Mg = /V ] [— %O'TSO' + aT(Du)] dV —«a /V Q(DTo-)(DTcr)dV (11)

HP{RT o >0 y— K. HHHERAERY —8RZMN 15T, Wl LRt Pian-Sumihara 4
TR FE LA Pian & Tong 8 i AR TTlt, AT R B BRI, MILKIZREE
R F175 FRTGEE AT AR R 18 iy (12191,

ETERBHREN A THBSEES B EREETE . Babuska!'s! Fl Brezzil'®l 48
Hellinger-Reissner 227 B0 ¥ B R, R THRIuk KBS EN, BPFTiE B-B
&4 ERZEROUEH KR, TUSEIR (17, 18]

4 FHRORZEHHRET

A THREWBIFHRNE, ZERGELTRERHRIEZNAH R EIT.

4.1 BEIREH

ERARAZEE ERA RSN IR FE EREETESERUTHEESRES,
BRTHSh, RARRFM hEL: 190, X FRNEEESESREWNRZN T, TUSHE
Sk [20~22].

4.2 Loof 1 SemiLoof $ T

7E 1966 FEH—MFRSW L, Loof SEAERI, g v B T A DURE ABERTA S
E 3, J5 3 Iron 43X HITEAL N Loof 5t P4, B AL T, AVWALABRAE uv
N w, TIAHSE B o R S R SV N AT A AL 0 7L BT s ok e s, XK BTRAR Y
SemiLoof Ji. Loof ji5 SemiLoof Juil FRAMBIERS, HAI ML, TEMERGFEA
BEBBITMRNESR. BRMBERKAENTEREY, FHMARE B B RNIRFERTE
AR RARNESEHE. FTURES TAER—FERAZMHETEE. HER SemiLoof Lk
RG-S TUE. A SemiLoof JLArHril 45 #4 I 45 B 0T EASH SR [24~28].

4.3 RERHEHRENTHRET

AEER—FEMIE KR R B, AR TA RN EhE oL £=
HRBAT, BB v SHEHE o RAMTY. FREETHRSEE, ReissnerPd Fi¥K
PIARE SN AR FR S OSBRI ER 453 Al4b B, X T F Hellinger-Reissner 12 s @ 72155, WL
% 3CHR [20~34).

44 RTHRESTHZEESST

— = A A AR I A TR, KA BT B WA TR, XA
B ATREYE. FERI— 18 AR 54 NE BN =T, Sze AT ELBRERY P,
P BRI Z WS, REIRRERSR.

- 346 -



4.5 MEHZBHIRARNKAZR AT
ZRE R A R ITAIRET TR, HUAE R — T DLE S H S R 38 4 e R i T 196,
— AR A TR O B ST AT P T B e R B

4.6 MEHBZTHSHAMARE AT

AT 4307 YR DT 2 R T S B — R BRI S N A B e B8, RARIR AR AR, KPR
BUEW R P&, TWEMMKNASEHENENBRR. EREE TN SMBHTURER
—NAREER. RSBRENFAXNTLURENEDR N C P, TINZEAEEFM

e, = ]{C (%TTu ~T7%)ds (12)

HPAARh T SR8 v IHBRERTAN RS 8 RE DFUB w HELH RSB q
ARESHY. BTZE I A3E, R 6 rbAtEs T Lk, WS AN ER.

Rl B FE GRS e, wTHUEBRENIEREPMAZTRI FUA RIS
Wiie, ATLAERS I RERMMN 3R E T, 07 B e W3 e 5 T R HE T RS mEhR LR
SRV 1 7 8 B R FRUINZIFT R S0 A0 B9 B R AR R 10 S A 5 R) R T G 4R SR By 4 A 140

AT A RTEME S S A MR S S AR R 4 S, Ghosh*! Mg ¥k
SAZLEMSE, HHEMEE-IEERROEZ AR HESL R ETHMESEE
TEHIRIBEAERE, Zhang il Katsubel*? 48 H T —AMRIEHSGH R F45-5 Ui 90 F1 893850 R ER
JiHE, MBI ABAFRABERS. EREHIWAIMNIFSHIH C M C; R, AEMZ
B (12), KRN T 5030608 v HHBREHAN T EH 8, RE, RRUR G 0w die
JEBAAR BRI v R, AR Co KT HY RS g Wl RS HANESZ &
2

Onc == ¢ TTudS— § T uds (13)
2 Je, ¢
HAaRh T 55608 o BhBERnAmN e 6; AFE, RE T RMEaHaai i
REGEAF S, RAZRMERTLUE 8, 1 8, TEAHER, WA SR uRIEHERE. MU T#
SEHREAR 9 gt B g

AT ot — B 5 iy AP B S R, Jirousek I R FA 1@ T — MR A BT
HEAM G HRON B SR ATT, R4 Hybrid-Trefftz 855 145461 H g 5 W45 BriR e
RN TR

4.7 ERFRFZART
AT ot ERA R EIR A, XIMRELT —METHLRRE AR H BT
AW T M S22 FRE R Pian-Sumihara 5T ). 3% B K ST BSR4,

5 BRIE

RESENZNEIF AL WL, TURTHIIMMREN AT EFLEH I
AL, XMRTTTEMMBITAEN. A —ERKEIE, RERRN S TELE AL T
{Z.

PEE R

1 Pian T H H. Some notes on the early history of hybrid stress finite element method. Int J Number Meth Engng,
2000, 47: 419~425
2 Pian T H H. Derivation of element stiffness matrices by assumed stress distributions. AIAA J, 1964, 2: 1333~1336

- 347 -



3

Pian T H H, Tong P. Basis of finite element methods for solid mechanics. Int J Numer Meth Engng, 1969, 1:
3~28

4 R&E, TER FHARESHESRETTE. LR NEHRE, 1997

10

11

12

13

14

15
16

17

18
19

20

21

22

23

24

25

26

27

28

29

30
31

‘Severn R T, Taylor P R. The finite element method for flexure of slabs when stress distributions are assumed.

Proc Ins in Civil Engrs, 1966, 34: 153~170

Pian T H H, Chen D P. Alternative ways for formulation of hybrid stress elements. Inter J Numer Meth Engng,
1982, 18: 1679~1984

Pian T H H, Sumihara K. Rational approach for assumed stress finite elements. Inter J Numer Meth Engng,
1984: 1685~1695

Tian Z. Axisymmetric solid elements by a rational hybrid stress method. Computers and Structures, 1985, 20:
141~1498

Pian T H H, Tong P. Relations between incompatible displacement model and hybrd stress model. Int J Numer
Meth Engng, 1986, 22: 173~181

Pian T H H, Wu C C. A rational approach for choosing stress term for hybrid stress finite element formulation.
Inter J Numer Meth Engng, 1988, 26: 2331~2343

Wu C C, CHeung Y K. On optimization approachs of hybrid stress elements. Finite EFLements Analysis and
Design, 1995, 21: 111~126

Punch E F, Atluri S N. Development of and testing of stable, invariiant isoparametric curvilinear 2- and 3-D
hybrid stress elements. Comp Meth Appl Mech Engng, 1984, 47: 331~356

Punch E F, Atluri S N. Application of isoparametric three-dimensional hybrid stress finite elements with least-
order stress fields. Computers & Structures, 1984, 19(3): 409~430

Wu C C. Dual zero energy modes in mixed/hybrid elements-definition, analysis and control. Compu Meth Appl
Mech Engng, 1990, 81: 39~56

Babuska I. The finite element methods with Lagrange multipliers. Numer Meth, 1973, 20: 179~192

Brezzi F. On the existence, uniqueness and approximation of saddle-point problems arising from Lagrange mul-
tipliers. RAIRO, 1974, Ser. Rouge, 8: 129~151

Xue W M, Karlovitz L A, Atluri S N. On the existense and stability conditions for mixed-hybrid finite element
solutions based on Reissner’s variational principle. Int J Solids Structures, 1981, 21: 97~116

AXR%E. BEAARTEANSY THEME Babuska-Brezzi £#RIFNEN. PEBE, 1981, 1: 13 ~24

Reissner E. On a mixed variational theorem and on shear deformable plate theory. Int J Solids Structures, 1986,
23: 193~198

BY. #RTHFRAREAE=ZSERNER. NASFEME, 1988, 9: 599~608

Pian T H H, Li M. Stress analysis of laminated composites by hybrid finite elements. In: Kuhn G, Mang H,
ed. Discretization Methods Structural Mechanics, I'TAM/IACM Symposium Vienna 1989, Berlin-Heidelberg:
Springer-Verlag, 1990. 363~372

Jing H S, Liao M L. partial hybrid stress element for analysis of thick laminated composite plates. Inter J Numer
Meth Engng, 1989, 28: 2813~2827

Loof H W. The economical computation of stiffness of large structural elements. presented at Int Symposium on
Use of Computer in Structural Engineering, Univ Newcastle-upon-Tyne, 1966

Irons B M. The semiloof shell element. In: Ashwell D G, Gallagher R H, ed. Finite Elements for Thin Shells &
Curved Memebers. London: Wiley, 1978: 197~222

Pian T H H. On hybrid and mixed finite element methods. In: Proc Invitational Symposium on Finite Element
MEthod. Hefei China, May 19~23, 1981. Beijing: Science Press, 1982. 1~19

Pian T H H, Kang D, Wang C. Hybrid plate elements based on balanced stresses and displacement. In: Hughes T
J R, Hinton E, eds. Finite Element Methods for Plate and Shell Structure, Vol.1: Element Technology. Swansea,
U K: Pineridge Press International, 1986. 24~41

Wang C, Pian T H H. Hybrid semiloof element for buckling of thin-walled for buckling of thin-walled structures.
COmputers & Structures, 1988, 30: 811~816

Sze K Y. Simple semiloof element for analyzing folded-plate structures. J of Engng Meth, ASCE, 1994, 120(1):
120~134

Allman D J. A compatible triangular element including vertex rotations for plane elasticity analysis. Computers
& Structures, 1984, 19: 1~8

Reissner E. A note on variational principles in elasticity. Int J Solids Struct, 1965, 1: 93~.95

Hughes T J R, Brezzi F. On drilling degrees of freedom. Comp Meth App Mech Engng, 1989, 27: 105~121

348



32 Ibrahimegovic R L, Taylor R L, Wilson E L. A robust quadrilateral membrane finite element with drilling degrees
of freedom. Inter J Numer Meth Engng, 1990, 30: 445~457

33 Sze K Y, Ghali A. Hybrid plane quadrilateral element with corner rotations. J Struct Engng, ASCE, 1993, 119:
2552~2572

34 Cazzani A, Atluri S N. Four-node mixed finite elements, using unsymmetrical stresses for linear analysis of
membranes. Computational Mechanics, 1993, 11: 229~251

35 Sze K Y, Yi S, Tay M H. An explicit hybrid stabilized eight-node solid element for thin shell analysis. Inter J
Numer Mech Engng, 1997, 40: 1839~1856

36 Pian T H H. Element stiffness matrices for boundary computatibility and for prescribed boundary stresses. Proc
Conf on Matrix Methods in Structural Mechanics, AFFDL TR-66-80, 1966. 457~477

37 Pian T H H, Tian Z. Hybrid solid element with a traction-free cylindrical surface. In: Spilker R L, Reed K W,
eds. Proc Symposium on Hybrid and Mixed Finite Element Methods. ASMD AMD Vol 73, 1985. 69~75

38 Tong P, Pian T H H, Lasry S. A hybrid-element approach to crack problems in plane elasticity. Inter J Numer
Meth Engng, 1973, 7: 297~308

39 Tong P. A hybrid finite element method for damage tolerrance analysis. Computer & Structures, 1984, 19:
263~269

40 Chow W T, Beom H G, Atluri S N. Calculation of stress intensity factors for an interfacial crack between dissimilar
anisotropic media using a hybrid element method and the mutural integral. Computational Mechanics, 1995,
15: 546~557

41 Ghosh S, Mukhopaddhyay S N. A two dimensional automatic mesh generator for finite element analysis for
random composites. Computers & Structures, 1991, 41: 241~256

42 Zhang J, Katsube N. A finite element method for heterogeneous materials with randomly dispersed elastic
inclusions. Finite Elements Analysis Design, 1995, 19: 45~55

43 Zhang J, Katsube N. A finite element method for heterogeneous materials with randomly dispersed rigid inclu-
sions. Inter J Numer Meth Engng, 1995, 38: 1635~1653

44 Piltner R. Special finite elements with holes and internal cracks. Inter J Numer Meth Engng, 1985, 21: 1471~1485

45 Jirousek J. Hybrid-Trefftz plate bending elements with p-method capabilities. Inter J Numer Meth Engng, 1987,
24: 1367~1397

46 Jirousek J, Venkatesh A. Hybrid-;I‘z'efftz plane elasticity elements with p-method capabilities. Inter J Numer
Meth Engng, 1992, 35: 1443~1472

47 g, REE. EEAFUERERRGIRETHMEMT. BFEER, 1999, 44(6): 603~608

RECENT ADVANCES IN HYBRID STRESS
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Abstract Introduction of multivariate variational principles for the formulation of finite element
methods for solid mechanics, presentation of the progress made in advancing the method for
constructing hybrid stress finite elements, and description of special applications of the hybrid

stress finite element methods.
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