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2 0 A f PR AT S 3 S AT 1) 1) T
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Ht, VERIFE AR B EEEE T) Fy Al oR

|Ff|<Ffmax:/J/0FN (2>
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FE AR BT R AN, Mo, =0, ae = 0, LI )14k
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3k AR B (0 2R M 2 AR R G 5)) ) 2 ) 1290,
A FR A, 18 I () e PE R AR A (G 24,
B ) A3 T PE AR A e Ve v DL RS AN T 2
ERGE. X T B TR EE AR ARG 2
ARG, BT RGARIZE ) B A7 7E stick-slip 12
BRI D) 4, DA b B 5 A5 28 3R H e s e I )
A FH A PEBR R VRV ) 28 =X (5) B o 1) 1
CREEBREA. TR O PR A, R )
5 0 A f TR AR T JSE R0 3 S A O, X, 2
(13) Bl (14) ) & AT SOEJE (&K T
7 SO IR JE ) 2 AH o E), AN S 8 i B (E AR 4 Tk
HE RIS )2 I .
3.2 ETIFEHRAENHEETERZ
Pl AR IE S 4R Z AR RGEB) J) 2 U7 Rt
AR BE o BOE S, SEONEL RN
PIANT7TRL: 2 bl T A i A SO i T R AR
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AR B stick - slip 12 s8R A ) 3 S 307 BE 452 ) K/
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(132 5)) 52 B 5 1 29 N, AL L3 77 AR RS, 7] I 58
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BRI EENRZ —.
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WA, S B il RIS RS 1) AR AT AR A )
N H 25— 2K Lagrange J7 #2, HA RiAL4 K H % &
P A i PR 5 L 1) 2 AR R G5 ) 2 J7 BE AT R OR
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M(q,t)g = h(g,q,t) + Y (wyAn)i + Y (wrAr);
i€ls icls
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FCrp 28 5 A i 1 5 2 AR W AR I ) 30T,
55 3TN V) 1) BRI K ).

ARG 2 AR R el T 57 5 FE SR A K A s 2
ARG A GRS . RS ) 1A
Wr. ARJeHy FAEA LU, WU SR AT
M B33 AR e AR I, AT ) O
FRECETE, A5 TR R v 53 AT 0 X — A
FI iR I 75 76 AT BLR LA

3.2.1 FFIK )74 (event-driven schemes)

HA W ERZHR ARG AL HE
AR W o vE 2 —, BT A W
K stick - slip IR A (0 8 e DL & % il 12 15 4y
12 (detachment). 1% 77 V21 ) - & JE 2 R IE T
FRGEIE ) e fid o e D) i) PR RE B SE A RN BN )
3.2.1.1 ¥ ) 24 ST 2 Ak

MG BT 2R T, M g = 0, gnvi = O,
VE I AE B i s 1R 7 1) 9 5K T3 1R DR S A RIS A0 2
fik w5 FR) Y 1) LIS g 0T IS TR ) B S v W2 TR
B AR G 2R 1)

gni 20, Ang 20, gni-Ani =0, i € Iy (17)

XRE, X A7) Gy, A BREKTZETor, B
BEHPH—NEKRKTO, BN % T0 ¥ LK
FH 1) 5 B 3UR 7R il

AP gy TTRIR R GE) AR« | S )™
SO FSE IR [0) Py o K, P B B 53 s o 110)

gn = Wig+wy, € R™Y (19)

Hh Wi, oy PSR L) AR, | G

TR [ 1) B 25

3.2.1.2 Y In) JIE A JBE 45 o 1t
YA PR R R AL, 5 gni = 0, gvi = 0,

5 o o5 KA AN O 0 s, B gy #£ 0, HHES
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BERSE 4, el KRBT D) LB T A5 (26) AR (27) A RE IR 2R
FINA Afo = BHAN + Al (30)
Ari = —piAnisgn(gri), i € 1 20
T wiAnisgn(gri), @ € In (20) Afo = AN — An (31)

P R DR R R Al HOAR X S A O,
Blgni = 0, gni = 0, g7y = 0, FEYEIILED) ) 1)
5255 FE fl ARG D) ) hn s R O R AN

IAri| < poiAni = Gri =0
Ari = +poidni = Gri <0 iely (21)
A1 = —poiAN: = gri >0

A i 5 — SR B B i AL T stick IRE, R
TR W ik U stick IR A B 48 21 slip IR A, 547548
Ak T slip PR A (LU AR U 1) 03 B 1) 5 1) kA2 v4
AR). AT HI T stick - slip AR [P 3 4k, a8 SCHEfik
()1 ] 55 A7) A ORE ) ) s B2, IS INIE ) 5 R
I JEE 48 4% 1 (friction saturation) A& 301,

1E 1) 5 47 1) AR D) 1) o v UK

g%ri = §(|9Ti| + 1), 1 €1ly (22)

Gr; = %(|QT7| —gri), 1 €1y (23)
T A 9 S ) R T X
g =4 — 9 (24)

gl = {g7:}, dg = {67}, Gu = {ir:} € R™,
L) i 338 g O B3 fid 55 70 AR ) 1) o 3¢ T
£

gy = Wgi +wy € R (25)

1E 1) 55 A i R4 A s SCAn T B0)

AEOz’ = UoiAN: + Ams, 1€ Iy (26)

Afoi = MoiANi — Amis 1€ Iy (27)

b Ngri (i € Tpr) S B A sSORH T D) 1) 3 58 R 2 6 1)
FEEE Ty, N A E I B R B ) 2 R B RO
T DR B 42 ik 50 DE (7)) 1) 0 3k BE R OE (67)
] EE R R B T ANCR, [

97 20, Mo 20, G- Ao, =0, i€y (28)

G1i 20, Ago; 2 0, G- Ao =0, i €Ig  (29)

Hod oy = diag{po}, i € I, 3% (30) A2 (31) A0
CIEES
At = 2BHAN — A (32)
B H ARG &R 20 (28) Al (29) H i JE A 3K oR
H

g;} =0, xﬁo >0, (Q;})TAEO =0 (33)

G720, Ao 20, (§7) Ao =0 (34)
T 2R RGBT R — 5 R

M(q,t)§ = h(q,q,t) + WAy + WAy + Wiy

(35)

e 85 A i 19 26 2 TR VL I AR ) LT s

55 3 A B B EEHE T (g7i #£ 0) T X7, B e —
T A w5 0E Bh BE¥E T (grs = 0) (N X7

N 3 12 J7 F (35) LA S 3 (19), (24), (25) A1

(32), 1] ¥ stick - slip 4% ¥ 17 4 Wi LL & detachment
(1) ) BT 2 0 1 ) e L I Il S SR A
y=Ax+Db,
x>0, y>0;, zTy=0 (36)
Horp
AN gn
T = AI__IO ) Y= gI_{
i Ao

I FH 28 2 B AN 0 B T 5077, SRARH Ay
Ao MG, K AN (30) 5L (31), K Ay, T
W A B AR (35), I o 77 7 1) 2
il SR R T R, PSR RGN — B RS R &,
DASEAT AR B, 3 ) SRl 3R 48 (1) 3l ) 2 7 FE.

FF B Bl vk AT LA 25k i ) W 4 fih 14 stick - slip
SRS T B 0 R0 22 fich p 2 5 0 0, AN i ) T 42 44
ST R B A R Ay Ak B A7) A )0 R A Al
TRE R AR GEAR, AN Sy N7 - o E T TR 5 i ]
ol

Flores & 21 [ H HE 2 A4 (A 20 38 1o 301 15
LA AT T B AT TR ) Al BEAR IS A AR 1K 22 4k R G B))
D12V, R (R B A8 43 /N N T B T TE 0 P
) 52 ] O e, B g T R A e
i JUF- AT DL . Y B B 11 TR B 78 43 /N,
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AR AR 2 AR RGeS ) 2 BE R RO T 107

B8R R UL 2 SR 3 34 g S R B
)R AT XA 2 R R A e £ R
RGBT RO B SR AR, S T XL R
AN YR ) B TR % R, I S R A k5 A
I 1 0 TP R R 5 2R, K LI 4 TR 1 2R
9 3 15 stick - stip R 2 171 9% 1 40 53 2 49t J K T £
e L i 150 (SR A T A ST 4 e R i
KA FHX AR WA R e, y

Yy } (37)

B 4 M 55 1350 &5 H T 2k R A R M LRI ) A
A KE L FRAEAENE . ME—PERR S A A
PERAH G2 B b £ v B AN ) U SR AR AS FE, A
AT AEAS Wi 56 35 AH JC (W H v 557 ik 86l

H A OK Bl V5 A7 0 29 A in) R (BD 2 o) i
21) BT Wang 4% 8] F Baumgarte £ 98 2 4k 77 ¥
N TR 2R R G 8)  E A Rk, A
BUHB AN ) T 2 S ] L

3.2.2 W8] 22 374 (time-stepping method)

I 1) 20 bV R A 0 - R T A L R SE
&) )32 77 R MR AR IS B o 577 1 900 i
T3 AT TR A A b R I ARG 2 AR R
Gl oA T RE SRR, AT NATTRE L L )
Jis 245 1 R R P S 0 e, VA 4R ) N ) D R Al
Al 8 R v R H T [ 1 s P
AR 2 Mo o 3, AR R T 20 SRy L, 45 T A
R PEE AN G AR, N 2 M T AN T E R
UM LA 23 B LA stick - slip 38 BIIR A 1
DI, b AR RE R R B g T AR 9 sk sk gk o), I
i 2 3 (1850397400 S5 5e 3 T AT 51k, i T
IRt R B SR B E RE | O£ PR EIDE
JeI 2 AR R LU ) A 1 B SR AR Uy vk (N 18] 25 2
SEIR). TR K B 7 T RE AR R G S - b
i

Aly: AQ.’D—Fb

x>0, y=0,

My (up — un) — hy At — Wiy Py — Wy Pr =0

(38)
b, At WY DK, NRR AR E 5y 50 R %A 0
KU AR 20 05 (ts = ta + At), Nhr M
KIS (tar = ta + 0.5AL), Py Kl Pr ok i
RUVE T RNY) 2R AR S KR v L fE
I 210 ¢ a4 IS 21 ¢ 5 152 fi 250140925 1) AR 6 B 1) 3o

Al RN A
YNa = Wiy ua + Wnur
Yra = Wiyua + oy (30)
e =Whyus + Oy
vrE = Wiyup + ry
S E Sk A AR
Py >0, €&y 20, Pyén=0 (40)
Hrén =vve +envyna, en JIE R REFE K R %L
(PIRT A RE B, 2 TR G 2] ) W B fl 523 2.
2 JE A1 BE 4R & (impulsive friction saturation) &
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ADVANCES IN THE RESEARCH ON NUMERICAL METHODS
FOR NON-SMOOTH DYNAMICS OF MULTIBODY SYSTEMS”

WANG Qif ZHUANG Fangfang GUO Yiyuan ZHANG Jie FANG Jie

School of Aeronautic Science and Engineering, Beihang University, Beijing 100191, China

Abstract The numerical method for the non-smooth dynamics of multibody systems is one of the hot topics of
researches on the dynamics of multibody systems. In this paper, recent advances in the research on numerical
methods are presented for the non-smooth dynamics of multibody systems with impact and friction. First,
the Coulomb friction model, modified Coulomb friction model and the characteristics of the normal forces of
multibody systems with unilateral and bilateral constraints are discussed. Second, recently developed numerical
methods for the non-smooth dynamics of multibody systems based on continuous and discontinuous models are
reviewed. The Event-driven scheme and time-stepping method for the non-smooth dynamics of multibody
systems are described in detail based on the complementarity concept. These numerical methods are then

analysed and compared. Finally, the problems in need of further studies are pointed out.
Keywords friction, impact, non-smooth, multibody system
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